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Abstract: In this paper, we evaluated the idea of N-Generated Fuzzy & Intuitionistic fuzzy
Translation and Multiplication in Z-Algebra. For this, we examined some proportions of
Fuzzy & Intuitionistic fuzzy Translation and Multiplication in Z-Algebra and we have
achieved certain outcomes.
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Introduction: In 1965, the concept of fuzzy sets[8] inspired Zadeh L A. Several academics
looked into the possibility of generalising a fuzzy subset. Fuzzy mathematics arose from the
study of fuzzy subsets and their applications in many mathematical settings. Kyoung Ja Lee,
Young Bae Jun and Myung Im Doh[4] established the concept of fuzzy translation and fuzzy
multiplication of BCK-algebras in 2009. BCK-algebras and BCI-algebras are algebras derived
from the BCK and BCI logics, respectively. Many new algebras have been produced since
then. The Z-algebras, discovered by Chandramouleeswaran.M, Muralikrishna.P, Sujatha.K
and Sabarinathan.S[2] in 2017, are one such class of algebra developed from propositional
logic. Sowmiya.S and Jeyalakshmi.P[3] introduced the new concept on Fuzzy Z-Ideals in Z-
Algebra in 2019. In 2014, Abu Ayub Ansari and Chandramouleeswaran.M [1] proposed the
idea of fuzzy translation of fuzzy [ -ideals of (-algebras. Priya and Ramachandran.T [5]
introduced the new fuzzy translation and multiplication notation for PS-algebras in 2014. The
notion of fuzzy translation and multiplication on B-algebras was introducedby Prasanna.A,
Premkumar.M, and Ismail Mohideen.S[6] in 2018. In 2019, Prasanna.A, Premkumar.M, and
Ismail Mohideen.S [7] proposed the new concept of fuzzy translation and fuzzy multiplication
of BG-Algebra. In this paper, we explored the concepts of fuzzy translation and fuzzy
multiplication on Z-algebras, as well as some of the Z-algebra’s features.

This paper we deals with four sections. The first section covers the fundamental
definitions of BCK&BCI — Algebras, Z-Algebra and theorems on Fuzzy Translation and
Fuzzy Multiplication in Z-Algebra. The second section deals with the theorems in
Intuitionistic Fuzzy Translation and Multiplication in Z-Algebra, as well as some additional
definitions. In third section, we briefed about the definitions and theorems on N-Generated
Fuzzy Translation and Multiplication in Z-Algebra. In fourth section, we covered the
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definitions and theorems on N-Generated Intuitionistic Fuzzy Translation and Multiplication
in Z-Algebra.

Preliminaries
1. FUZZY TRANSLATION AND FUZZY MULTIPLICATION IN Z -
ALGEBRA

Definition 1.1
Let P be a non-empty set with nullary operation 0 and let * be a binary operation is
known as BCK — Algebra. If it fulfils the following criteria for any p, g, € P,
(A-1) (p*g)*x (p*r) < (r*q)
(A-2) px(p*q) < g
A3)p<p
A4)p<qgand g<p=>p=q
(A-5)0< p=> p=0,where p < g isdeterminedby p*g =0
Definition 1.2
Let P be a non-empty set with nullary operation 0 and let * be a binary operation is
known as BCI — Algebra. If it fulfils (A-1), (A-2),(A-3), (A-4) and the following criteria for
any p,q,7 € P,
ip< 0= p=0,where p < g isdeterminedby p*g =0
Definition 1.3
Let IP be a non-empty set with nullary operation 0 and * be a binary operation is known
as Z — Algebra. If it fulfils the following criteria for any p,q € P,

ip*x0=0
Ho*xp=p
lip*xp=p

ivpxg=qgx pwhenp #0 &g #0 forall p,g € P
Example 1.3.1
The following table is for the set P = {0, a, &, c}

*x |0 |a | b |c
0 |0 |a |4 |c
a |0 |a |0 |a
410 |0 | & | &
c |0 |a |4 |c

Then (IP;*,0) is a Z — Algebra.

Example 1.3.2

The below table showsP = {0,a,b, ¢} is a Z — algebra.
0 |[a |b |¢c

0 b c
0 c | b
0 b |a

o e ol x

a
a
C
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Definition 1.4
Let Qis as Z — sub-algebra of P & Q be a non-empty subset of Z — Algebrafor all
».q € Q.
Definition 1.5
The subset of I and Ris known as Z — Ideal of the set Pof Z -Algebra with the following
conditions are fulfils,
i.0e R
iipxg €E Randg € R= p€eR forall p,g €ER
Definition 1.6
Let £ be a fuzzy set which belongs to P. Then ¢ is known as fuzzy Z — bi-ideal, if the following
criteria is fulfilled. £(p, 0, ¢) = min {{(p), (g)} forany p, g, o € P.
Definition 1.7
If0(p *xqg) =min{0(p),0(q)}V p,q € P then 6 is known as fuzzy sub-algebra on P, on
Z — Algebra.
Definition 1.8
Let 6 be a fuzzy set in P is termed as fuzzy BCK — Ideal of P. If it satisfies the following
criteria,
1.6(0) = 6(p)
ii.0(p) = min{6(p * q) ,0(4)}
Definition 1.9
Let a fuzzy set & in P is known as fuzzy Z — Ideal of P.If the following criteria are satisfied,
1.£(0) = ()
iL.§(p) 2 min{S(p * q),$(4)}
Theorem 1.10
Leto is a fuzzy subset of P, then the y — Fuzzy Translation ayU (p) of obe a fuzzy Z — Ideal
of P,Vy € [0,U]
Proof:
Let o be a fuzzy Z — Ideal of Pwithy € [0, U]
To Prove: o is a fuzzy Z — Ideal of P.
Claim (1):
a,%(0) ®a(0)+y
=2 a(p)+y
= O-yU(W)
Claim (2):
0 (p) = (@) +y
2{o(@p*qg)Na(@}+y
2{(c(@*aq)+ y)A(a(g)+ v}
> {0, (p *a) A 0, (@)}
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0'(p) = {6 (p *a) A 0,V @)
Hence o is a fuzzy Z — Ideal of P.
Theorem 1.11
Let a fuzzy Z — Ideal o of IP be a Z — algebra, then ayU be the y — FT of o is termed to be a
fuzzy Z - sub-algebra of IP and for any y € [0, U].
Proof:
Letp,qg €P
We have,
o'(pxa)=cp*a)+y
2{o(@g*(@*xa)nao@}+y

={op*x@=*q)rao(@}+y

2{a(p) A o(@g)}+ v

2{(e@+ v)A(a(q)+ )}

= {Uyu(p) A Uyu(%)}
Therefore ayU is a fuzzy Z — algebra of P
Theorem 1.12
Let O'),U of o be a y — Fuzzy Translation then for all y € [0,U]. Then ¢ is a fuzzy Z — sub-
algebra of IP.
Proof:
We assume that a),U of o be a fuzzy Z — Ideal of IP. Then we have
opxa)+v =0(p~*q)

> {0,V (p*x(@*a) A 0, ()}
{0 (@*p)*a) A 0" (@)}
> {0,"(p) A 0,%(a)}
= {(e@) + v)A(a(g) + v)}
={o@rao@}+y
Which implies 6(p * q¢) = {o(p) A d(g)}
Therefore o is fuzzy Z — sub-algebra of P.
Theorem 1.13
Let afuzzy subseto of P such that the y — Fuzzy Multiplication ayV(;a) of o is said to be fuzzy
Z —Ideal of P and y € [0,1]. Then obe a fuzzy Z — Ideal of P.
Proof:
Let a),V is a fuzzy Z — Ideal of P for all y € [0,1].Let p,q € P. We now have,
iyo(p) = 0,7(0)
> a,"(p)
= ya(p) which implies a(0) = o(p)
ii.yo(p) = o)
> {0, (pxa) \ 0" ()}
= {(vo(p = a)) A (yo(q));
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= vlo@*q) A a(g)}
which implies o (p) = {oc(p *q) No(q)}
Therefore o is a fuzzy Z-Ideal of P.
Theorem 1.14
A o is a fuzzy Z — ideal of P. Then the vy - FMG),V(;?) of ¢ is a fuzzy Z — Ideal of P, for all ye
[0,1].
Proof:
If o is a fuzzy Z — Ideal of P and y€ [0,1].
We now have
i.0,7(0) = yo(p)
Yo (P)
o' ()
a,"(0) =0, (p)
ii.o, () = 1o(p)
= y{o(p ~q) A 0(q)}
=yv{o(@*q) A a(g)}
={(yo(p *q)) A (yo(9))}
which implies 0, (p) > {0, (p * ) A 6,7 ()}
Therefore, 0," of o is a fuzzy Z — Ideal of P and then for all p,q € [0,1]
Theorem 1.15
If y - Fuzzy Multiplication ayv(p) of a fuzzy Z — sub-algebra ¢ of P. Then o be a fuzzy Z —
sub-algebra of IP and let ye [0,1].
Proof:
Let p,g € P&Vy € [0,1]

v

o(p*q)z{o(p)A a(g)}

We have, 0,"(p * ) = yo(p * g)

2y{o(p) A a(q)}

= yo(p) A yo(q)
which implies o,V (p * ) = 0,” (p) A 0,V (q)
Hence, ayV is fuzzy Z — sub-algebra of P.
Theorem 1.16
Let a fuzzy Z — sub-algebra of P be ¢ and if y - FM ayv(g?) of g, then for every fuzzy subset
o of P and for any y€ [0,1].
Proof:
Let we assume ayV(;)) of o is fuzzy Z — sub-algebra.
We know that y€ [0,1].
yo(p+q)=0,"(p*q)
> 0, () A 0,V (a)
= {ra@) A yo(a)}
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= yvio@) A a(4)}
= a(p*q)zap)A o(q)
. o is fuzzy Z — sub-algebra of P.

2. INTUITIONISTIC FUZZY TRANSLATION AND FUZZY MULTIPLICATION IN
Z - ALGEBRA
In a non-empty set IP, an intuitionistic fuzzy set P is an object with, P = {( p, @a(»),04(p) |
» € P} where the parameters @, : P — [0,1] and §4:P — [0,1] represents the degree of
membership and non-membership correspondingly, 0 < @4(p),04(p) <1 forall p € P.
An ordered pair (@4,04) in I¥ XI* defined to an Intuitionistic fuzzy set A =
{(p, 0a(p),64(p) | p € P} in P. For the Intuitionistic Fuzzy Set A = {( p, pa(p),04(p) |
» € P} we will use the symbol A = (¢4,64).
Definition 2.1
Let A= (P, p4,04) in P be an intuitionistic fuzzy set on Z - Algebra. If it fulfils the following
criteria,
1.9oa(0) = pa(p)
i1.64(0) < a(p)
iiL.pa(p)zmin {pa(p * ), pa(q)}

iv.84(p) < max{6a(p * 4) ,6a(9)}
forall p,g €P

Then it is known as intuitionistic fuzzy Z — Ideal of PP.

Definition 2.2

Let the set A = (@,,04) is known as intuitionistic fuzzy sub-algebra on P.
Pa(@ * ¢) 2min {@a(p), pa(4)}

Sa(p *q) <max{6x(p),6a(q)}
forall p,q € P.

where A = (@4,04) in P be an intuitionistic fuzzy set on Z - Algebra.
Theorem 2.3
If A = (@4,04) be an intuitionistic fuzzy subset of P, theny — Intuitionistic Fuzzy Translation
Al () = ((9a)y(#), (84)y(p)) ofA is an intuitionistic fuzzy Z — Ideal of P, Vy € [0, U]
Proof:
LetA be an intuitionistic fuzzysubset of Pwith lety € [0, U]
i.(0a)y(0) © @a(0)+y = gal@) +y

= (ea)y (@)

ii.(6a)y (0) & 64(0) —y

<8 (p) v

= (51&))(/] »)

iii.(pa)y (#) © oa@) +v
= min{pa(p *q), pa(@)} + v
=min {(pa(@ *q) + v),(¢al@) + v)}
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(ady (p) = min {(pa)y ( = 4), (9a)y (@)}
iv.(8a)y () © Sa(p) —v
<max{0y(» *q),6a(a)} — ¥
=max {(8a(p *q) — v),(8a(q) — ¥)}
(6a)y (@) < max {(8a)y(# * a), (6a)y(a)}
Hence A = (g4, 64) is an intuitionistic fuzzy Z — Ideal of P.
Theorem 2.4
If an intuitionistic fuzzy Z — Ideal of P is A, thenA] = ((¢4)y, (64)y) be y —Intuitionistic FT
of Ais Intuitionistic fuzzy Z — sub-algebra of P, then for any y € [0, U].
Proof:
We have, (9)Y (7 * @) ={(@a(p * @) +7)
= min{pa (g * (7 *4)), pa(@)} +v
= min{a(p * (¢ * 4)), 9a(@)} +v
= min{a(p), ¥a(@)} + v
= min{(pa(®) +v), (¢a(q) +7)}
= min{(¢a)y (»), (¥a)y (@)}
Gay@*a) = {(Galp*a) - V)
< max{8a(4 * (# * 4)),6a(g)} — ¥
= max{6a(p * (4 *4)),64(3)} —v
< max{8a(»),04(@)} —v
< max{(8a(®) = ¥), (6a(q) — )}
= max{(6a)y ), (6a)y (8)}
Therefore A} = ((¢a)y, (84)y) is Intuitionistic fuzzy Z — sub-algebra of P.
Theorem 2.5
LetA = (@p,04) be an Intuitionistic fuzzy Z — sub-algebra of P and then let A{f ofay—
Intuitionistic Fuzzy TranslationA, Vy € [0, U]. Then Abe an Intuitionistic fuzzy Z — sub-
algebra of P.
Proof:
palp*xa) +y = (pa)y (P * a)
> min{(pa)y (@ * (@ * @), (pa)y (@)}
= min{(pa)y (7 * #) * @), (9a)7 (@)}
> min{(@a)y (@), (a)y (@)}
= min{(pa(®) +7v), (¢a(q) +7)}
= min{pa (), pa(@)} + v
Pa(@ * q) 2 min{p,(p), 9a(4)}
Salpxa)—vy = (Ga)y (P * a)
< max{(6a)y (7 * (¥ * 4)), (8)7 ()}
= max{()Y (2 * #) * 4), (62} (@)}
< max{(6a)y (#), (8)7 ()}
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< max{(64(») —v), (6a(@) —V)}
= max{d4(p),0a(q)} — v

Sa(p * g) < max{6a(p),64(q)}
Hence A = (@4, 84) is an Intuitionistic fuzzy Z — sub-algebra of P.

Theorem 2.6
Let A is an intuitionistic fuzzy subset of [P such that the Intuitionistic Fuzzy Multiplication -
y beAX]‘f (p). ThenAbe an intuitionistic fuzzy Z — Ideal of P, for all y € [0,1].
Proof:
Let A)'f is an intuitionistic fuzzy Z — Ideal of P for all y € [0,1].
Letp,qg €P
Lyoa(®) = (9a)y(0)
> (¢a)y(®)
= Y@a(p) which implies 4 (0) = @4 (»)
ii.y8a(#) = (8a)y(0)
< By (@)
= y84(p) which implies 84 (0) < 84(p)
iii.ypa(®) = (9a)y (@)
> min {(¢a)y(® * @), (Pa)y (@)}
= min {(y@a(» *4)), (v9a(d))}
= miny{ps(» *4), 9a(4)}
which implies @4 () = min {(» * ¢) , 9a(4)}
iv.yda(p) = (51&);‘5(#7)
< max {(6p)y(® * ), (6a)y(a)}
= max {(¥64(» * 4)), (¥6a(4))}
= max y{6a(p * 4) ,6a(q)}

which implies 84 (p) < max {(p * q),64(q)}
Therefore A = (¢4,64) be an intuitionistic fuzzy Z — Ideal of P.

Theorem 2.7
If Abe an intuitionistic fuzzy Z — Ideal of IP. Then the Intuitionistic FM-y beA)‘f (p) of A =
(@a,04) is an intuitionistic fuzzy Z — Ideal of P, for all y € [0,1].
Proof:
If A is an intuitionistic fuzzy Z — Ideal of P, for all y € [0,1].
i.(0a)y(0)= voa(®) = voa(@)
= (QDA))‘; (»)
which implies (¢4)y(0) = (9a)y(»)
ii.(84)y(0) = ¥8a(p) < ¥a(p)
= (51%))'5 (»)
which implies (84)y(0) < (64)3(»)
iii. (pa)y (#) = Yoa(®)
Copyright © 2022. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-
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= min y{@a(@ * 4), ¥a(g)}

= miny{a(® *q),9a(q)}

= min {(y@a(@ * 4)) , (v9a(4))}
which implies (¢)y ()= min {(9a)y (2 * 4), (Pa)y ()}

V.8V () = Y82

< max y{6x (¥ * 4),64(4)}

= max y{6a(p * 4),64(q)}

= max {(y6a(® *4)) , (v6a(9))}
which implies (52)}(2)< max {(80)Y(» * @), (B} (@)}
Therefore Ay = ((¢a)y.(8a)y) of A is an intuitionistic fuzzy Z — Ideal of PP, and then for all
y €[0,1].
Theorem 2.8
For any Intuitionistic fuzzy Z — sub-algebra A of P, V y € [0,1]. If y - Intuitionistic Fuzzy
Multiplication beA)‘f of A be Intuitionistic fuzzy Z — sub-algebra of P.
Proof:
Lety € [0,1]& let p,g € P.
Now,(9a)y (@ * 4) = yoa(p * 4) = min {y(pa(®), 9a(a))}

= min{y@a(2),y9a(4)}
(9a)y (@ * 3) = min{(pa)y (), (Pa)y (@)}
(6a)y (P * a) = valp * 4)
< max{y(6a(#),6a(4))}
< max{y8,(»),v0a(4)}
(8a)y (# * ) < max{(8a)y (), (82)y (4)}
Hence an intuitionistic fuzzy Z — sub-algebra A)‘f (p) of P.
Theorem 2.9
IfAl‘ﬁ (p) be ay - Intuitionistic FM of A be an Intuitionistic fuzzy Z — sub-algebra of P. Then
for any an Intuitionistic fuzzy Z — sub-algebra A of P.
Proof:
Let Ay (p) of A in IP, for any y € [0,1].
voal@ =) = (pa)y(@ *4)
> min{(@a)} (), (9a)¥(3)}

min{y g, (»),y9a(4)}

min {y (¢a(#), 9a(a))}

Implies that 4 (p * g) = min{@a(p), pa(q)}

Yéalp*a) = (6a)y(p*a)

< max{(64)y (), (6a)y (8)}

max{yéa(»),v04(q)}
max{y (64 (»), 54(4))}
which implies 84 (p * g) < max{ds(p), 64(g)}
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Hence A be intuitionistic fuzzy Z — sub-algebra of P.

3. N - GENERATED FUZZY TRANSLATION AND FUZZY MULTIPLICATION IN
Z - ALGEBRA

Definition 3.1

Let &,in P is termed as N-generated fuzzy subalgebra on P. The following criteria is

satisfied, &, (2 * @) = min {E0(2n) , En(Gn))

Definition 3.2

(A1) $1(0) = $n ()

(A2) $n(pn) 2 min{S, (pn * Gn) , $n(Gn)}
The following criteria are satisfied, If a fuzzy set ,in P is termed as N-generated fuzzy BCK

— Ideal of P.
Definition 3.3

Let £, be a fuzzy set in Pis defined as N-generated fuzzy Z — Ideal of IP. If it fulfils the
following criteria,

1.£,(0) = &, ()
1.8 () = Min{&, (Pn * Gn) ,$n(Gn)}

Theorem 3.4

If o is an N-generated fuzzy Z — Ideal of P andy is an N-generated Fuzzy Translation
N . G)Zl " (pn) 1s an N-generated fuzzy Z — Ideal of P, Vy,, € [0, U]

Proof:

Let o be a N-generated fuzzy Z — Ideal of P and y,, € [0, U]

We now have

XN 0,m(0) = 3N, 0(0) + ¥,
N
= Z o (Pn) + ¥
n=1
= N1 0y ()
ii-Zgzl O-)Zln(pn) = Zrl\{:l o (Pn) + ¥
N
> (0@ * an) A @)} + 1
n=1

:Zgzl{(a(ﬁn *Gn) +¥n) A(0(Gn) +¥a)}
N1y @) 2 izt (0,7 (P * Gn) A0y (Gn))
Hence o is a N-generated fuzzy Z — Ideal of P.

Theorem 3.5
Let ois a N-generated fuzzy subset of® such that the y — N-Generated Fuzzy Translation

N . G)Zl"(pn). Then o is a N-generated fuzzy Z — Ideal of P and y,, € [0, U].
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Proof:
Let O']ZL " be a N-generated fuzzy Z — Ideal of P and let y,, € [0, U]
Let p,, g, €EP
LZN=10 (0) +7n =Z0=10),7(0)
2 Ylo10, (#n)

= 2n=10 (Wn) +Vn
which implies ¥N¥_, 0 (0) = ¥V_, 0 ()

5010 @n) + ¥ = Zne10, (@n)
N
Un Un
= Y {0 Pn * ) A 0y (@)
n=1

= 211\1]:1{(0-(3711 *qn) + V) A (0(Gn) +¥)}
:Zg=1{0_(37n *Gn) N 0(Gn)} + ¥
which implies ¥3/_; 0 (#n) = En=1 {(#n * @) A 0(gn)}
Therefore aﬁl "of o is a N-generated fuzzy Z — Ideal of PP.
Theorem 3.6
Let a N-generated fuzzy Z — Ideal ¢ of P and y,, € [0, U]. Let P be a Z — algebra, then O')Zl " be

y —N-generated Fuzzy Translation of ¢ is N-generated fuzzy Z - sub-algebra of P.
Proof:

Lety, € [0,U]&pn, G, €EP

We have,

g=1 O-)Zln (#n* Gn) = g:l o(Pn*Gn) + n
N
> (0(n* @n* @) A0 (@)} + 7
n=1
= Zg=1{0_(37n * (Gn * Gn)) N (Gn)} + ¥

N
> ;{a(;pn) Ao(Gn)} + T

N
> Zl{(a(;pn) + 1) A (0(Gn) + 1)}

= I=aloy (o) Aoy (@)
O']ZL " is N-generated fuzzy Z — algebra of P.

Theorem 3.7
Let o be N-generated fuzzy Z — sub-algebra of P and let ayl; " of o be a N-generated Fuzzy

Translation - y and then Vy,, € [0, U] and then o is N-generated fuzzy Z — sub-algebra of PP.
Proof:
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We assume that 0 " of o be a N-generated fuzzy Z — Ideal of P.

Then we have

Zg=1a(#7n *Gn) +Vn = N lin (#n * Gn)
> Z{ "(2n* (Pn* @0)) Aoy (@)}
—Zn 1{ ,{‘(ﬁn * Pn) * Gn) A Oy (Gn) )

z{ " (@n) Aoy ()

= anl{(o-(pn) +¥) A (0(gn) + v)}
= Zrl\lzl{a(pn) No(qn)} + Vn
N N

> 0 an) = ) 0@ A o)}
=1 n=1

~ 0 is N-generated fuzzy Z — sub-algebra of P.

Theorem 3.8
Let o is a N-generated fuzzy subset of P such that the y is a N-generated Fuzzy Multiplication

N a;:(pn). Then o is a N-generated fuzzy Z — Ideal of IP and for any y,, € [0,1].

Proof:
LetYN_, a " is a N-generated fuzzy Z — Ideal of P for all y,, € [0,1].
Let p,, gn E P

We now have,
LN V0 (£n) = ZN10y7(0)
> Y010, (pn)
= Yn=1¥n0 (£n)
which implies ¥N_, 0 (0) = YN_, 0 (pn)
YY1 Va0 (Pn) = ,’LlayVnuon)

> Z{a (o ) A 0 (@)

= Zn:l{(yno_(pn *dn)) A (Yo (gn))}
= 211\1[:1 Yulo(Pn * @n) A o(gn)}
which implies ¥3/=1 0 (#n) = Z=1{(@n * @n) A 0(qn)}
Therefore o is a N-generated fuzzy Z-Ideal of P.

Theorem 3.9
A o is a N-generated fuzzy Z — ideal of P. Then the y be an N-generated Fuzzy Multiplication

-y, YN, a;,f;‘(g?n) of N-generated fuzzy Z — Ideal ¢ of P, for any y,, € [0,1].
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Proof:
If o is a N-generated fuzzy Z — Ideal of P and y, € [0,1].
We now have
LE0=10,0(0) = Eio1 Va0 (20)
> Yn=1Yn0 (#n)
= Z=10(#n)

which implies ¥'N_; ayv:l‘ 0 =3yN_; 0;,/:(#711)

{1,501 0y (2n) = En=1¥n0 (Pn)
> Yn=1Yalo@n * 4n) A o(gn)}
= Zg=1 Yulo(Pn * gn) A o(gn)}
= Zg=1{(yno'(#7n * @) N (Yn0(Gn))}
which implies X=1 0y (#n) > a1 {0y (0 * Gn) A 07 (@)}
Therefore, ¥'N_, a)‘,/: of 0 is a N-generated fuzzy Z — Ideal of P and then for every p,,, g, €

[0,1].

Theorem 3.10

Let 0 be N-generated fuzzy Z — sub-algebra of P, y,€ [0,1]. If N-generated Fuzzy
Multiplication - ¥ beY:N_; J)Z:l(g?n) of o is N-generated fuzzy Z — sub-algebra of P.

Proof:

Lety, € [0,1]&ppn, ¢ € P

Then¥y_; 0(#n * 4n) = En=1{0(@n) A 0(an)}

We have,

Yn=1 O-)‘//: (Pn *an) = Yn=1Yn0(Pn * Gn)

N
> yalo () A0 (@n)
n=1

N
= Z Yn0(#n) AVno(Gn)
n=1

which implies £3-1 0y (7 * @) 2 Zp=10y, (Pn) A0y (@)
Hence, ¥N_, a;,ff is N-generated fuzzy Z — sub-algebra of P.
Theorem 3.11
Let o be N-generated fuzzy Z — sub-algebra of P. If yis an N-generated Fuzzy
Multiplication}:N_, a)‘,/:(g?n) and then o be N-generated fuzzy subset of P, Vy,, € [0,1].
Proof:

Let ayV: (pn) of g is N-generated fuzzy Z — sub-algebra and y,, € [0,1].
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Zg=1 Yn0 (Pn * Gn) = g:l O_)/V: (#n * gn)
N

> > 0 pw) Aoy (g
n=1
Y=o (#n) A ¥00(40)}
Zn 1Ynlo(pn) A a(czn)}

= z 0(pn*an) = z o(pn) A 0(qn)

n=1
~ 0 is a N-generated fuzzy Z — sub -algebra of P.
4. N - GENERATED INTUITIONISTIC FUZZY TRANSLATION AND FUZZY
MULTIPLICATION IN Z - ALGEBRA

Definition 4.1
An N-generated intuitionistic fuzzy set on Z — Algebra is ¥N_; A= (P, ®a, 0a,) is in P is
termed as N-generated intuitionistic fuzzy Z — Ideal of P, if it fulfils the following criteria,
i.X0=104,(0)= Zn 194, (#n)
11-Zn:1 5An 0) < n:1 SAn #n)
.Y No1 @a, (@n)= Yy min {@a (Pn * Gn) , @a, (@)}
iV-Zgzl 6An (Wn) < Zrl\llzl max{(SAn (Wn * "Z)n) Y 6An (‘Zn)}
forall p,, g, €P

Definition 4.2
LetYN_, A= (¢ A, 9a,) be the N — Generated intuitionistic fuzzy set in P. If the below
criteria are satisfied,
Pa,(Pn * @n) Zmin {@a, (Pn) , @a, (@)}
Op,(Pn *an) < max{5An (#n) .04, (%n)}
forall p,,, g, €P
Then it is termed as N — Generated Intuitionistic sub — algebra on P.

Theorem 4.3

IfYN_ A= (¢ A, 0a,) € P bean N-generated intuitionistic fuzzy Z —Ideal, then N-generated
Intuitionistic Fuzzy y - Translation ¥N_,; A " (pn)of YN_, Ais an N-generated intuitionistic
fuzzy Z — Ideal of P, Vy,, € [0, U]

Proof:

Let N-generated intuitionistic fuzzy Z — Ideal be ¥}¥_, A of P and y,, € [0, U]

LXN_ (@) (0) =3XN_; @a, (0) + 72
> Z ©a,(Pn) +n
n=1

= N1 (@a)y (n)
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i1.20=1(8a)y (0) =21 64,(0) = ¥
N
< Z 5An (Wn) ~—Tn
n=1

= IN_1(Ga)y (pn)

i1 201 (0a)y" (#n)= Tn=1 Pa, (@) + Yn

N
> min{ps, @ * dn) 08, (@0} +

n=1
:Zrl\llzl min{((pAn (Pn * Gn) + ¥n)»
(q)An (q‘n) + Vn)}

N N
D @@ = ) min{(0)yr@n * ), (0157 (@)}
n=1 n=1

V. 3N (8™ (#n)= 2=y S, (Pn) — Vn

N
< Z maX{é‘An (#711 * @n)i 6An ("Zn)} —Vn

n=1
= Ln=1 maX{(SAn((pn * q'n)) - yn)a

(SAH ("Zn) - Vn)}
N

N
D Gy @n) < ) max (G} @n * dn) ) Gy (@n)}
n=1

n=1
Hence Y_, A is known as N-generated intuitionistic fuzzy Z — Ideal of IP.

Theorem 4.4
Let YN_; A is an N-generated intuitionistic fuzzy subset and Z — Ideal of IP such that y be the

N-generated Intuitionistic fuzzy translation ¥N_, Ag: (#r), V¥n € [0,U]. Then 3N_ A bea

N-generated intuitionistic fuzzy Z — Ideal of P.
Proof:

Let N-generated intuitionistic fuzzy Z — Ideal be ¥'N_, Ag: (pn) of P, forany y, € [0, U].
Let pn,gn €P

i VN — VN U
1-Zn:l Pa, (0) + Vn= n=1((pA)y: (0)
N
> Un
2 ) (Pady, @n)
n=1
— N
= Yn=194,(0) + 1
Copyright © 2022. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-

commercial No Derivatives (by-nc-nd). Available at https://dbdxxb.cn/
1257



Journal of Northeastern University
Volume 25 Issue 04, 2022

which implies ¥)N_; ®a,(0) = Yn=1 @a, (Pn)
i.3N_1 84, (0) =¥ = ZN_1(8a)" (0)

N
< > @Gy ()
n=1

= X0=164,(0) =1y
which implies Y¥N_; 84, (0) < Yn=y 84, (#n)

i 301 0a, @) +¥n = Zn=1(@a)yy @n)
N
> ) min{(pa)y @n * n) (92 (@)
n=1

=Y n=1 Min {(<PAxn (Pn *Gn) + Vn),
(©a,(@n) +¥a)}
= Yn-amin{@y (P * 40), 04, (@)} + ¥n
which implies ¥3_; @4, (£n) = Xyy min{(py * Gn) , 9, (Gn)}

iV.EN_1 84, () = Vo = ZN_1(8a)y" (#)

N
< > max{(Bay) @n * n) By (@)}
n=1

= Yn=1max{(8a,(@n * 4n)) — ¥n);
(SAH ((/Zn) - Vn)}
= Yn=1 maX{5An (#n * Gn), 04, (%n)} —Vn
which implies Y7_; 8a,, (#n) < Zn=1max {(#n * dn), 0a,(@n)}

Therefore $_; Ay (7n) = Zn=1 (@) (Pn), (8a) s (n))of Enizg A is said to be N-
generated intuitionistic fuzzy Z — Ideal of P.
Theorem 4.5
If N-generated intuitionistic fuzzy Z — Ideal of P is ¥N_, A, then}:N_; Ag: beN-generated
Intuitionistic Fuzzy y -Translationis N-generated intuitionistic fuzzy Z — sub-algebraf

N_, Aof P, then for any y,, € [0, U].
Proof:
We have,

N (@) (Pn * @) = TNl @a, (Pn * dn) + V)

N
= Z min{(pAn((’Zn * (pn * (’Zn))' q)An(q‘n)} + Vn

n=1

= Zﬁ:l min{(pAn (®#n * (@n * gn)), Pa, (‘Zn)} + ¥n
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N
> ) min{pa, @), 9, @0} + Tr

n=1

N
= z min{(prn (Wn) + yn)v (QDAn(q‘n) + Vn)}
n=1

= 2N min{(9a)," (@n), (Pa)y™(Gn)}

Sn=18a)y" @n * Gn) = Tn=1{(Ba, Pn * Gn) = Y2)
N
< ) max{8a, (@n * @n * G, 51, (@n)} — i
n=1

= Zg=1 max{é‘An(#’n * (Gn * Gn)), 6An(@n)} —Vn

N
< z max{é‘An (#n), 64, (%n)} ~Vn
n=1
N

< max{(8a, @n) — 1), (8u, (@) — 1)}
n=1

= T max{(8a),; (#n), (a)y, (@n))
Therefore Y'N_, Ag: is a N-generated Intuitionistic fuzzy Z — sub-algebra of P

Theorem 4.6

LetyN_, A is a N-generated Intuitionistic fuzzy Z — sub-algebra of P and then let ¥'N_, A)l,];llof
YN A= (@4, 6a,) is a N-generated Intuitionistic y - FT for any y,, € [0, U]. Then an N-
generated Intuitionistic fuzzy Z — sub-algebra Y N_, A of P.

Proof:

N 0n, Pk @) + ¥ = INo1(@a)) (Pn * Gn)
N
> min(pa)y (#n * @n * ). (0a)y (@)
n=1
= YN min{(@a)," @n * £1) * @), (©a) )" (Gn) }

N
> z min{(©),"(#n), (@a)y"(Gn)}

n=1
N
= z min{((pAn (Wn) + yn)v (QDAn(q‘n) + Vn)}
n=1
= n=1 min{(pAn (pn)' QDAn (Qn)} + VYn

N N
> 00, @nxan) = ) minfea, ), 0, (@)}
n=1 n=1
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YN 8a, (Pn % dn) — Vi = ZN1(Ba)y" (Pn * Gn)
N
< > max{(Bwy2 (#n = @ * an)). Gy (@)
n=1
= 2N max{(8a)y" (#n * #n) * @), (a)y™(@n) }

N
< z max{(8)," (#n), (54) " (Gn)}
n=1

N
< > max{(8a, () = Y (6, (@) — 1))
n=1
= 211\1[:1 maX{SAn (Pn), SAn (q‘n)} — T

N N
D 60, x ) = ) max(6a, (), 81, (@)}
n=1 n=1

Hence YN_, A = (®a,,0a,) 1s N-generated intuitionistic fuzzy Z — sub-algebra of P.
Theorem 4.7
Let Y¥N_, Ais an N-generated intuitionistic fuzzy subset of P such that the N-generated

Intuitionistic y - FMYN_, AX]‘Z‘L (p) € ¥N_, A is a N-generated intuitionistic fuzzy Z — Ideal of
PP, for all ¥,, € [0,1]. Then an N-generated intuitionistic fuzzy Z — Ideal 3:N_, A of PP.
Proof:
LetyN_, AX;Z‘L is an N- generated intuitionistic fuzzy Z — Ideal of P for all y,, € [0,1].
Let pp,g EP
LEN=11Pa, @n) = Z=1(a)ys (0) 2 Zioa(9a)y ()
= Ya=1¥a®a,(#n)
which implies ¥3_; @, (0) = X3_1 @a, (#n)

H.YN 1 ¥ 8a, (Pn) = ZN=1(84),7(0) < TN_1(84) " ()
= Zﬁ=1 ynaAn(Wn)
which implies ¥N_, 84, (0) < YN_; 8a, (#n)
HLYEN_ 1 Vo@a, (Pn) = EN=1 (@) (#n)

N
> min{(@a)}: @n * an) , (@)} (@n)
n=1

= Y1 min{(¥n@a, @n * 3n)) » Vn®a, (Gn))}
= Ynoimin yo{@a, (Pn * 42) , 04, (Gn)}
which implies ¥_; @4, (#£7) = Xh-1 min {(Pn * Gn), Pa, (Gn)}
VXNt VB, @n) = Zn=1(8a)y" (#n)
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N
< > max{(Gwy: @n * ), By (@)
n=1

= 211\1]:1 max {(VnSAn (#n * an)), (Vn6An ("Z'n))}
= g=1 max Vn{5An (Pn *adn) 5An (‘Zn)}

which implies Y5_ 8a, (£n) < Xh-1 max {(py * Gn), 04, (Gn)}
Theorem 4.8

An N-generated intuitionistic fuzzy Z — Ideal of P be Y:N_; A. Then }}N_, AKZ (pn) isy — N-
generated Intuitionistic FM of YN_, Ais N-generated intuitionistic fuzzy Z — Ideal of P, for
all y,, € [0,1].

Proof:

If YN_, A is an N-generated intuitionistic fuzzy Z — Ideal of IP, for all y,, € [0,1].

XN 1 (@a)y" (0) = Ny Ya®a, (#n) = TNo1 Yn®a, @n)
= IV (@a)y" (2n)
which implies ¥N_;(@a);" (0) = ZN_1(0a);" (£0)
i.YN_1(8a)y"(0) = EN_1 ¥n8a, (#n) < ZN=1 Vnba, (Pn)
= N1 (88, (#n)
which implies ¥_;(64),"(0) < ¥N_1(82)," (#n)

i 201 (Pa)y" (Pn) = ZN=1¥nPa, (#n)
N
= Z min Yn{(pAn (#n * Gn), Pa, ("Zn)}
n=1

= g=1 min {(Vn‘pAn (Wn * q'n)): (Vn‘pAn (q'n))}

N N
= ;@A))‘ZZ(#’O > ; min{(wA))‘fZ (Pn * Gn), (‘PA))‘ZZ(CZn)}

V. 3N (6a)y (#n) = IN_1 Yo, (#n)

N
< z max Vn{SAn(pn * q'n) ) SAn(q‘n)}

n=1

= 211\1’:1 max {(Vnchn(Wn *qn)), (VnSAn ((/Zn))}
N N
= > @) < ) max (G} @n * dn). Gy (@)
n=1 n=1

Therefore ¥'N_; AKZ = Zﬁzl((wA)Zz, (6A)¥Z)of YN-1A = (¢a,, 64,) € P, and then for all
¥n € [0,1].
Theorem 4.9
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For any N-generated intuitionistic fuzzy Z — sub-algebra ¥N_, A of P, Vy,, € [0,1]. If ¥ - N-
generated Intuitionistic Fuzzy Multiplication be}N_, A)‘le (pn)of ¥N_, Abe N-generated

intuitionistic fuzzy Z — sub-algebra of P.
Proof:

Lety, € [0,1] and let p,,, g, € P.
Now,

N (@A (P * Gn) = TNe1 Vn@a, (#n * Gn)

N
> > min (1 (0a, P 00, (@)
n;l
> Z min{y,@a, (#n), ¥n®a, (@)}
n=1

N N
D @ @n a2 ) min{(p)y2 (0, (9a)y: ()}
n=1 n=1

N (B (Pn * Gn) = N1 VnBa, Pn * )

N
< ; max{yy, (64, (#n), 0a,(@n))}

N
< Z max{y,8a,, (#n), YO, (Gn)}

n=1
N

N
D G+ an) < ) max{(6}2 @), B0y (a)
n=1

n=1

Theorem 4.10

If y - N-generated Intuitionistic Fuzzy Multiplication be Y N_, A)‘CZ (p)=

N (@)} (), (6a)y" (#)) of IN_i A= (@4, 8,) be N-generated intuitionistic fuzzy
Z — sub-algebra of IP. Then for all N-generated intuitionistic fuzzy Z — sub-algebra }.N_; Aof

P.
Proof:

We assume that Y N_; Ak;fz (pr)of XN_Ain P,V y, € [0,1].
S=1Vn®@a, (P * Gn) = Zn=1(@a)ys @n * dn)
N

> Z min{(@a)," (7). (@a)y (@n)}
n=1

= 211\1,:1 min{yn(pAn Pn), Yn®Pa, ((/Zn)}
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= Yo min {yn(@a, (#n), ©a, (@)}
Implies that NN_; @a (£ * Gn) = SN_1 min{@a (22), ¥4, (@)}
N VnBa, (@n * @) = TN (Ea) (Pn * )

N
< z max{(8a)y" (2n), ()" (@)}
n=1

= g=1 max{yn(SAn (Wn): VnSAn (‘Zn)}
= Xh=1max {,(8a,(#n), 6a,(@n))}
Implies that ¥)_; 8, (#n * Gn) < Tn=1 max{8a, (#n), 4, (@n)}
Hence YN_, A c P be a N-generated intuitionistic fuzzy Z — sub-algebra.

Conclusion: In this paper, the new concept of a n-generated Fuzzy and Intuitionistic Fuzzy
Translation and Multiplication in Z-Algebra has been define through concept of Fuzzy
Translation and Fuzzy Multiplication were discussed using Z-sub algebra and Z-Ideals, as
well as various algebraic properties. Z-Algebras are seen as another generalisation of
BCK/BCl-algebras. Fuzzy extensions of Z-Ideals in Z-Algebras have been investigated,
which adds a new dimension to the previously defined Z-Algebra. They were also used to
prove various theorem.
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