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Abstract:

In this paper we have given the definitions of 2K- frames and 2K-g-frames, with the help of
this we have proved, zf{f]} is K-frame and {gj} is a 2K-frame then {f] + gj} is a K-frame
for H and also, we give a condition on sum of 2K-g frames is a K-g frame for Hilbert space.

Some results on 2K-frames were presented by using an injective closed range operator K €
B(H). Mathematics Subject Classification (2010): 42C15.
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1. Introduction

Frames in Hilbert spaces were introduced by R.J. Duffin and A.C. Schaffer. Frame theory plays
an important role in signal processing, sampling theory, coding and communications and so
on. Frames were introduced as a better replacement to orthonormal basis. Frame theory was
developed by Peter G. Casazza [8] and O.Christensen [7]. A. Najati and A. Rahimi [1] have
developed the generalized frame theory and introduced methods for generating g-frames of a
Hilbert space. The notion of K-frames has been introduced by L.Gavruta [6] to study the atomic
systems with respect to a bounded linear operator K in Hilbert space H. K-frames are more
general than classical frames. In K-frames the lower bound only holds for the elements in the
range of K. Dingli Hua and Yongdong Huang [3] are proposed for construction methods for
K-g-frames. Results on K-frames have been proved through operator-theoritic results on
quotient of bounded operators by G. Ramu and P.Johnson[4]. Sitara Ramesan and K.T
Ravindran [9] were presented some results on K- frames where K € B(H) injective closed
range operator.

In this paper we have given the definitions of 2K- frames and 2K-g- frames, with the help
of this we have proved, if { fj} is K-frame and {g j} is a 2K-frame then {fj +9 j} is a K-
frame for H and also, we give a condition on sum of 2K-g frames is a K-g frame for Hilbert

space. Some results on K-frames were presented by using an injective closed range operator
K € B(H) .

2. Preliminaries

Definition 2.1. A sequence {f i }jEJ of vectors in a Hilbert space H is called a frame if there

exist two constants 0 < A < B <o, such that
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The above inequality is called a frame inequality. The numbers A and B are called the lower

and upper frame bounds respectively. If A=B then { f }j_sj is called tight frame, if A=B=1

J

then { S }je , 1s called normalized tight frame. A synthesis operator T: /2— H is defined as

Tej = fj where {¢;} is an orthonormal basis for />. The analysis operator

T: H — L is an adjoint of synthesis operator T and is defined as
T*f=Z<f,fj>ej VfeH. A frame operator S=77T":H — His defined as

jeJ

Sf=><f.f,>f VfeH

Throughout this paper {H ;,jeJ} will denote a sequence of Hilbert spaces. Let
L(H,H;) be a collection all bounded linear operators from H to H and
W, e L(H,H,): jeJ].

Definition 2.2. A sequence of operators { A} ,_;is said to be g-frame for Hilbert space H

with respect to sequence of Hilbert spaces {H ;, j € J }, if there exist two constants
0<A<B<c, such that 4| /" <> |A, /| <B|f|" vreH .
JjeJ

The above inequality is called a g-frame inequality. The numbers A and B are called the lower

frame bound and upper frame bound respectively. A g-frame { A} _, for H is said to be g-

jeJ

tight frame if A = B and g-normalized tight frame for Hif A=B = 1.

Definition 2.3. Let { A} ,_, be a g-frame for Hilbert space H. A g-frame operator

jeJ

S9:H —H is defined as S* =Y A"A,f Vf eH .

jeJ

Definition 2.4. LetK € B(H) . A sequence {f

; }je , in Hilbert space H is said to be a K-frame

for H if there exist two constants 0 < A < B <ec, such that

AlKf ‘. VfeH.

|2 <Yl r.f, >|2 <B|f
jeJ
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Where A and B are called lower and upper frame bounds for k-frame respectively. If K=I, then
K-frames are just ordinary frames.

Definition 2.5. LetK € L(H) and A, € L(H,H ) ,.,. A sequence of operators {Aj }ie] is
said to be K-g-frame for Hilbert space H with respect to sequence of Hilbert spaces {H ; }ie] if

there exist two constants 0 < A < B <oc, such that

Z,erH..

Al 1< Zha A < 8ls
2

The above inequality is called a K-g-frame inequality. The numbers A and B are called the
lower and upper frame bounds of K-g-frame respectively. When K=I, K-g-frame is a g-frame.

A K-g- frame is said to be tight if there exist a positive constant A such that

2
‘,erH.

Z;HAffHZ = Al f
Je.
If A=1 then {Aj }jEJ is said to be Parseval tight K-g-frame.

We use following theorem in the proof of our main results.

Theorem 2.6. [11]. Let T € B(H) is an injective and closed range operator if and only if there
exists a constant ¢ > 0 such that ¢ || f I?<|| Tf II%, forall f € H.

3. K-Frames

Theorem 3.1. If {f]} is a frame for R(K), then {K*f]} is a frame for H and {KK*fj}

. ) .18
j€J Jj€] j€J

a K-frame for H, where K € B(H) is an injective and closed range operator.

Proof. Let { ff}je] be a frame for R(K). Then by the definition we have, there exist constants
A, B > 0 such that,

AufWSEIWUﬂFSBufWNfeRm)
=1

For f € Hand K € B(H),Kf € R(K), replace f by Kf in above equation and we get

AVKFIP< Y [KEA) < B UK I,
=1

J
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Since K € B(H) is an injective and closed range operator, then by the theorem 2.6, there exists
¢ > 0 such thatc || f I’<Il Kf II?, forall f € H.

Therefore,

Ac |l fIP< Al Kf I12< Z (KF,£)* < B I Kf I2< Ba? Il f I2
j=1

for all f € H and for some a > 0, i.e.

A, I f 112 Z (K F) < By I I
=1

J

for all f € H where A; = Ac > 0,B; = Ba? > 0. Therefore, {K*f]} is a frame for H and

Jj€]
hence {KK*fj}jE] is a K-frame for H.

Corollary 3.2. Let K € B(H) be an injective and closed range operator and { fj} C H be

Jj€]
such that {(K_l)*fj} is a frame for R(K). Then {f]} is a frame for H.

j€J j€l
Proof: By the theorem 3.1, if {(K™')*f;}

frame for H and hence {K (KD f]}

is a frame for R(K) then {K*(K™1)*f;} _ isa

j€] j€J

- is a frame for R(K)

Therefore { fj}je] is a frame for H.

Theorem 3.3. If {fj}jej
then there exist constants 4, B > 0 such that

is a K-frame for H and K* is an injective and closed range operator,

AIK*FI? < Z (£ < BIK FIP
j=1

forall f € H.

Proof. Since { fj}je] is a K-frame for H, there exist constants C, D > 0 such that

CIK*fI? < Z AN <D f I,
j=1

forall f € H. K* € B(H) is an injective closed range operator, hence there exists a>0 such that
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all fIP< IK*FII%,

for all f € H. Therefore, for all f € H,

CIK*fII? < Z I(F, 1) < DIl £ 12< (D/a)IK* F11?
j=1

= AIKfI? < Z F, £ < BIK*f1I?
=1

J

Where A=C,B=D/a > 0.

Corollary 34. If {f]} is a K-frame for, then {f]} is a frame for H , where K™ is an

J€] J€]

injective and closed range operator.

Proof: By the theorem 3.3, If {f]} is a K-frame for H where K* is an injective and closed

j€J
range operator.

Then for all f € H there exist constants A, B > 0 such that
w2 2 w2
ANKFIP < ({5 < BIKCf
j=1

Hence { fj}]_e] is a frame for H.

Definition 3.5. A sequence { fj}je]
exist A, B > 0 such that for all f € H.

in Hilbert space H is said to be a 2K-frame for H if there

AIKfI? < z IF £ < BIK* FII2.
=1

Theorem 3.6: Let { fj}je] be a K-frame for H with bounds A, B; and { g j}j€] be a 2 K-frame
for H with bounds A,, B, such that 0 < B, < A;. Then {f] + gj}jE] is a K-frame for H with

frame bounds A; — B, and B; + B, |IK*|I%.
Proof. By definition of K-frame and 2K-frame, we have

[ee]

- 2 2 2

ANK AP <Y [ < B f (D)
j=1
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and

2
A1 < ) [{f.g)) < BallK f1P
=1
for all f € H. Consider,

[ee)

4.5+ 9" < 3 WA +Z|fg,
j=1 j=1
< B Il f I*+ Bz”K fII?

< By + BLIK* 1) Il £ II?

z (£, + g < By + BoK ) I £ 1P

forall f € H, Cons1der,

ALK FI? < 2 (1) = z (£.5+ 95 =9
j=1 j=1

Ms

(f. £ +9)) +Z (95}

Il
Y

. £ + g\ + BallK* F1I2

IA
M g

—
Il
Ju

This implies that, for all f € H

ALK FIP Z (f. £+ )\ + BAK I

ie > N+ g = A - BIK fIP

j=1
where A; — B, > 0.

Therefore, from (3) and (4) for all f € H we have

(2

(3

by (1)

by (2)

(4

Copyright © 2022. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-

commercial No Derivatives (by-nc-nd). Available at https://dbdxxb.cn/

393



Journal of Northeastern University
Volume 25 Issue 04, 2022

(A1 — BIK*fI? < Z |(F, f; + gj)|2 < (By + BLIK* I1?) Il £ 112
j=1

Hence {f] + gj}je] is a K-frame for H with frame bounds A; — B, and B, + B,||K||?.

Theorem 3.7. Let K € B(H). Suppose {fj}jE] C H is a 2K-frame for H. If 2 < p < oo then

Ci"fn”z < i ilvn,f,-)lp <D iufnnz
n=1 ~

n=1j=1

Proof: Given that { fj}je] C His 2K-frame for H. then by the definition

For all f € H we have

AN FIP < | ) < Bk I
n=1

take f = f, foralln=1,2,...

we get

AR flI? < z (o £ < BIK* £l
n=1

for 2<p <o = §2%>0 = o<§s1.

Consider
14
Zl<fnf,->| Z o I
j=1 j=1
< BIK*f,I*> by (5)
= sl < B2K L
j=1
co o) )
= VWA <D UKL where D = B2
n=1j=1 n=1

..(5)

.. (6)

Copyright © 2022. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-

commercial No Derivatives (by-nc-nd). Available at https://dbdxxb.cn/

394



Journal of Northeastern University
Volume 25 Issue 04, 2022

Consider

0

iiﬁfnml = 2. 2 (1Al )"

n=1j=1 n=1j=1

> i A
j=1

n=1

p
2

8

p
2

> ;(AMK*fnuz)

S

n=1
P
= A2 Z IK* fyllP
n=1

P
= CZIIK*ntIp where C = A2 o (7)

n=1

N

K" full®

From (6) and (7)

ciufnu2 < i ) [l < Dillfnllz.
n=1 j= n=1

n=1j=1
4. K-g-Frames

Theorem 4.1. Suppose {Af}je] is a K-g- frame for H where K* € B(H) is an injective and

closed range operator then there exists a constants C and D such that

CIKFIZ < Y l4f]° < DIKFIZ v € H.

jeJ
Proof: since {Af}je] is a K-g- frame for H then there exists a constants A and B such that
N 2
= AIKFIP < ) 41 < BIFIZ VS € .
jeJ

Since K* € B(H) is an injective and closed range operator then there exists a constant a > 0
such that

Copyright © 2022. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-
commercial No Derivatives (by-nc-nd). Available at https://dbdxxb.cn/

395



Journal of Northeastern University
Volume 25 Issue 04, 2022

allflI> < IK*flI* vf € H
Therefore, for each f € H
2 B
AlK*fII? < Z”Ajf” < BIK*fII* < 2 leydlk

jeJ
2 B
CIK*fII> < Z||Ajf|| < D|K*fl>, whereA=CandD = —>0.
jeJ
The definition of a 2K-g-frame will now be provided.

Definition 4.2. Let K € B(H) and A; € L(H, H;) j¢;. A sequence of operators {Af}je] is
said to be 2K-g-frame for Hilbert space H with respect to sequence of Hilbert spaces {H f }je]

if there exist two constants 0 < A < B < oo, such that

ANKFIZ < Y |4f|* < BIK'FI2, vf € h

jeJ

According to the following theorem, the sum of 2K-g-frames equals a K-g-frame in Hilbert
space H.

Theorem 4.3. {/l]-}jej be a 2K-g-frame for Hilbert space H with frame bounds A, , B; and
{Alf}je] be a 2K-g-frame for Hilbert space H with frame bounds A, and B, such that
0 < B, < A; then {/lj + Alf}je] is a K-g-frame for H with frame bounds A, orA4, and B, +
B,.

Proof: By the definition of 2K-g- frame, we have

* 2 *
MK FIP < ) 4] < Bk FIZ, vf € H.
jel
And
2
ANKFI < Y N|ALF|” < BllK* £, ¥F € H.
jeJ
Now for all f € H, Consider
2
DA+ AT =+ A)F (4 + )
jeJ jej
= Z(Ajf + AL, A f + Al f)
jeJ
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= > A ) + A M) + AL F AF) + (AL, A1)

jej
Since the range of A; and /1|j are orthogonal for all j € J, i.e R(/l]-) 1 .‘R(/ﬂj) forall j €].

= D) + A AL

jeJ

= D s+ layfl?

IS
2 2
= > s+ Y Nl
IS JjEJ

< (B + B)IIK*fII?

Hence Vf € H
DI+ AN < By + BIKCFI?
jee]
AlsoVf € H
* 2 3 2 . 2 | 2— . | 2
Ak FI < ) A" < ) Nl + ) el = D Il + ai)f”
jeJ jeJ jel jeJ
Al f12 < Y AGEIE < Y I+ ) eI = D Il + el
jeJ jeJ jeJ jeJ

Therefore, Vf € H

ALK FIZ < D 11(45 + AN < By + BIIK S
jel
Or
ANKFI < Y114+ ALFI < By + B)IK S
jeJ
{Aj + Alf}je] is a K-g-frame for H with frame bounds A; or4, and B, + B, .
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