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1. Introduction: 
Topology is the field of Mathematics which is having applications in science and engineering 
that include camouflage filters, classification, digital image processing, forgery detection, 
Hausdorff raster spaces, image analysis, microscopy, paleontology, pattern recognition, 
population dynamics, stem cell biology, topological psychology, and visual merchandising. 
Thus the detail study of topological spaces is very important as research point of view. As the 
extension of theory of topological spaces, open/closed sets are its basic units. Njastad [10], 
Levine [9] and Mashhour et al [2] have introduced the 𝛼-open, semi-open and pre-open sets 
respectively in topological spaces. Since then these concepts have been widely investigated. 
Later, L. Thivagar et al [8] introduced Nano topological spaces in terms of lower 
approximation, upper approximation and boundary region of a subset of a universe. In addition 
to this L. Thivagar and C. Richard [8] introduced Nano 𝛼-open sets, Nano semi open sets, Nano 
pre-open sets and Nano regular open sets on Nano topological spaces. R. Navalakhe et al [11] 
defined Nano fuzzy topological spaces with respect to a fuzzy subset 𝜆 of a universe which is 
defined in terms of lower and upper approximations of 𝜆 and studied Nano fuzzy closure and 
Nano fuzzy interior of a fuzzy subset. The elements of a Nano fuzzy topological space are 
called the Nano fuzzy open sets. In this paper different forms of Nano fuzzy open sets such as 
Nano fuzzy 𝛼-open sets, Nano fuzzy semi open sets, and Nano fuzzy pre-open sets are 
introduced. It will give an extension to the theory of Nano fuzzy topological spaces which will 
provide the scope of finding its applications in various fields of Science and Engineering.  
2. Preliminaries: 
Definition 2.1 [8] Let (𝑈, 𝜏 (𝑋)) be a Nano topological space and 𝐴 ⊆ 𝑈. Then A is said to 
be 

1. Nano semi open if 𝐴 ⊆ 𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐴)). 



Journal of Northeastern University 
Volume 25 Issue 04, 2022 

Copyright © 2022. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-
commercial No Derivatives (by-nc-nd). Available at https://dbdxxb.cn/ 

3958

                                                                                 

                                                                 
 

2. Nano pre-open if 𝐴 ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝐴)). 
3. Nano 𝛼-open if 𝐴 ⊆ 𝑁𝐼𝑛𝑡(𝑁𝐶𝑙(𝑁𝐼𝑛𝑡(𝐴))). 

Definition 2.2 [3] Let (𝑋, 𝑅) be an approximation space and 𝑋 𝑅⁄ = 𝜆 , 𝜆 ,….,𝜆 . Then for 

any 𝜆 ≤ 𝐹(𝑋), where 𝐹(𝑋) is set of all fuzzy subsets of 𝑋, 𝑅(𝜆) 𝑎𝑛𝑑  𝑅(𝜆) are the lower and 

upper approximations of 𝜆 with respect to 𝑅, respectively and they are the fuzzy sets in 𝑋/𝑅. 

That is, 𝑅(𝜆), 𝑅(𝜆): 𝑋/𝑅 → [0,1], such that 

i. 𝑅(𝜆) 𝜆 = 𝑖𝑛𝑓 𝜆(𝑦) and 

ii. 𝑅(𝜆) 𝜆 = 𝑠𝑢𝑝 𝜆(𝑦), for all 𝑗 = 1, 2, 3, … . . , 𝑛. 

Definition 2.3 [1] Let 𝜆 be a fuzzy set in a fuzzy topological space (𝑋, 𝜏). Then the fuzzy 
boundary of 𝜆 is defined as 

i. 𝐵𝑑(𝜆) = 𝐶𝑙(𝜆) ∧ 𝐶𝑙(𝜆 ) 

ii. 𝐵𝑑(𝜆) = 𝐶𝑙(𝜆) −  𝐼𝑛𝑡(𝜆). 

Definition 2.4 [4,12] Let 𝜆 be a fuzzy subset of 𝑋. Then following are equivalent:  

i. Upper approximation of 𝜆 denoted by 𝑅(𝜆) is the fuzzy closure operator. 

ii. Lower approximation of 𝜆 denoted by 𝑅(𝜆) is the fuzzy interior operator. 

Also,  
𝐵𝑑(𝜆) = 𝐶𝑙(𝜆) − 𝐼𝑛𝑡(𝜆) = 𝑅(𝜆) − 𝑅(𝜆) 

2.5 Properties of Fuzzy Approximation Space [12] 
Let 𝑅 be an arbitrary relation from 𝑋 to 𝑌. The lower and upper approximation operators of a 
fuzzy set denoted by R and R  respectively, satisfies the following properties: for all  𝛼, 𝛽 ∈

𝐹(𝑋),   
 
 
 
 
 
 
 
 
 
Definition 2.6 [11] Let 𝑋 be a non-empty finite set, 𝑅 be 
an equivalence relation on X, 𝜆 ≤ 𝑋 be a fuzzy subset 

and 𝜏 (𝜆) =  1 , 0 , 𝑅(𝜆), 𝑅(𝜆), 𝐵𝑑(𝜆) . Then by 

property (2.5), 𝜏 (𝜆)satisfies the following axioms  
i. 0 , 1 ∈ 𝜏( )(𝜆) where 0 : 𝜆 → 𝐼 denotes the null 

fuzzy sets and 1 : 𝜆 → 𝐼 denotes the whole fuzzy set. 

(FL1) 𝑅(𝛼) = (𝑅(𝛼 ))  

(FU1) 𝑅(𝛼) = (𝑅(𝛼  ))  

(FL2) 𝑅(𝛼⋀𝛽) = 𝑅(𝛼)⋀ 𝑅(𝛽) 

(FU2) 𝑅(𝛼⋁𝛽) = 𝑅(𝛼)⋁𝑅(𝛽) 

(FL3) 𝛼 ≤ 𝛽 ⇒ 𝑅(𝛼) ≤ 𝑅(𝛽) 

(FU3) 𝛼 ≤ 𝛽 ⇒ 𝑅(𝛼) ≤ 𝑅(𝛽) 

(FL4) 𝑅(𝛼⋁𝛽) =  𝑅(𝛼)⋁𝑅(𝛽) 

(FU4) 𝑅(𝛼⋀𝛽) = 𝑅(𝛼)⋀𝑅(𝛽) 
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ii. Arbitrary union of members of 𝜏( )(𝜆 ) is a member of 𝜏( )(𝜆) . 

iii. Finite intersection of members of 𝜏( )(𝜆) is a member of 𝜏( )(𝜆). 

That is, 𝜏( )(𝜆) is a topology on 𝑋 called the Nano fuzzy topology on 𝑋 with respect to 𝜆. We 

call (𝑋, 𝜏( )(𝜆)) as the Nano fuzzy topological space (NFTS). The elements of the Nano fuzzy 

topological space that is 𝜏( )(𝜆), are called Nano fuzzy open sets and elements of [𝜏( )(𝜆)]  

are called Nano fuzzy closed sets. 
Definition 2.7 [11] The basis for the Nano fuzzy topology 𝜏( )(𝜆) with respect to 𝜆 is given 

by 𝐵 = {1 , 𝑅(𝜆)(𝑥), 𝑅(𝜆)(𝑥)}. 

Definition 2.8 [11] Let (𝑋, 𝜏( )(𝜆)) be a Nano fuzzy topological space with respect to 𝜆 where 

𝜆 ≤ 𝑋 and if 𝜇 ≤ 𝑋 then the Nano fuzzy interior of 𝜇 is defined as union of all Nano fuzzy 
open subsets of 𝜇 and it is denoted by 𝑁𝑓𝐼𝑛𝑡(𝜇). That is, it is the largest Nano fuzzy open 
subset contained in 𝜇. 
Similarly, the Nano fuzzy closure of 𝜇 is defined as the intersection of all Nano fuzzy closed 
sets containing  𝜇. It is denoted by 𝑁𝑓𝐶𝑙(𝜇) and it is the smallest Nano fuzzy closed set 
containing  𝜇. 
 
3. Methodology:  
The concept of fuzzy logic and fuzzy sets was introduced by L. Zadeh  [7] in 1968. It was a 
revolution in the field of Mathematics as research work got new dimensions to recreate 
different models and structures in fuzzy environment. C.L. Chang [5]  had introduced fuzzy 
topological spaces. L. Thivagar [8] had given the concept of Nano topological spaces and also 
introduced different topological structures such as Nano closed sets, Nano open sets, Nano 
closure, Nano interior Nano semi-open sets, Nano pre-open sets, Nano 𝛼-open sets etc. The 
study of all these sets/structures was expansion of the theory of Nano topological spaces. 
         As the base of Nano topological spaces are rough sets and D. Dubois and H. Prade [6] 
found the relation between fuzzy sets and rough sets. To define the Nano topological spaces, 
we need to define lower approximation, upper approximation and boundary region of a subset 
of a universe. As there is relation between rough sets and fuzzy sets, it seemed possible to 
fuzzify the Nano topological spaces. 
       Y. Y. Yao [12] has found in his studies that the fuzzification of a fuzzy subset of a universe 
can be done in two ways. First is the crisp approximation of a fuzzy subset and second is the 
fuzzy approximation of a fuzzy subset. B.K. Tripathy and G.K. Panda [3] have defined the 
crisp approximation spaces for a fuzzy subset of given universe. 
       Considering this as the base idea, we have defined Nano fuzzy topological spaces [11], in 
terms of upper approximation, lower approximation and boundary region of a fuzzy subset. 
This paper is an attempt to define fuzzy 𝛼-open sets, Nano fuzzy semi-open sets, Nano fuzzy 
pre-open sets and their properties. 
4. Nano fuzzy 𝛂-open sets: 



Journal of Northeastern University 
Volume 25 Issue 04, 2022 

Copyright © 2022. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-
commercial No Derivatives (by-nc-nd). Available at https://dbdxxb.cn/ 

3960

                                                                                 

                                                                 
 

In this paper (𝑋, 𝜏( )(𝜆)) represents Nano fuzzy topological space with respect to 𝜆 where 𝜆 ≤

𝑋 (fuzzy subset of 𝑋) and 𝑅 is an equivalence relation on  𝑋 where  𝑋 𝑅⁄  denotes the family of 
equivalence classes of 𝑋 by 𝑅. 
Definition 4.1 Let (𝑋, 𝜏( )(𝜆)) be a Nano fuzzy topological space and 𝜇 ≤ 𝑋. Then 𝜇 is said 

to be 
1. Nano fuzzy semi open if 𝜇 ≤ 𝑁𝑓𝐶𝑙(𝑁𝑓𝐼𝑛𝑡(𝜇)) 
2. Nano fuzzy pre-open if 𝜇 ≤ 𝑁𝑓𝐼𝑛𝑡(𝑁𝑓𝐶𝑙(𝜇)) 
3. Nano fuzzy 𝛼-open if 𝜇 ≤ 𝑁𝑓𝐼𝑛𝑡(𝑁𝑓𝐶𝑙(𝑁𝑓𝐼𝑛𝑡(𝜇))) 

NFSO (𝑋, 𝜆), NFPO (𝑋, 𝜆) and 𝜏  (𝜆) respectively denotes the families of all Nano fuzzy semi 
open, Nano fuzzy pre open and Nano fuzzy 𝛼-open subsets of 𝑋. 
Definition 4.2 Let (𝑋, 𝜏( )(𝜆)) be a Nano fuzzy topological space and 𝜇 ≤ 𝑋. Then 𝜇 is said 

to be Nano fuzzy 𝛼-closed (respectively, Nano fuzzy semi closed, Nano fuzzy pre closed), if 
its compliment is Nano fuzzy 𝛼-open (Nano fuzzy semi open, Nano fuzzy pre-open 
respectively). 
Theorem 4.3 If 𝜇 is Nano fuzzy open in (𝑋, 𝜏( )(𝜆)), then it is Nano fuzzy 𝛼-open in 𝑋. 

Proof: Since 𝜇 is Nano fuzzy open in 𝑋, 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝜇. Then 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) =

𝑁𝑓𝐶𝑙(𝜇) ≥ 𝜇. That is,  𝜇 ≤ 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) . Therefore,  𝑁𝑓𝐼𝑛𝑡(𝜇) ≤

𝑁𝑓𝐼𝑛𝑡(𝑁𝑓𝐶𝑙(𝑁𝑓𝐼𝑛𝑡(𝜇))). That is, 𝜇 ≤ 𝑁𝑓𝐼𝑛𝑡(𝑁𝑓𝐶𝑙(𝑁𝑓𝐼𝑛𝑡(𝜇))). Thus, 𝜇 is Nano fuzzy 𝛼-
open. 
 
Theorem 4.4  𝜏  (𝜆) ≤  𝑁𝐹𝑆𝑂 (𝑋, 𝜆) in a Nano fuzzy topological space  (𝑋, 𝜏( )(𝜆)). 

Proof: If  𝜇 ∈ 𝜏  (𝜆), 𝜇 ≤ 𝑁𝑓𝐼𝑛𝑡(𝑁𝑓𝐶𝑙(𝑁𝑓𝐼𝑛𝑡(𝜇))) ≤ 𝑁𝑓𝐶𝑙(𝑁𝑓𝐼𝑛𝑡(𝜇)) and hence 𝜇 ≤

 𝑁𝑆𝑃𝑂 (𝑋, 𝜆). 
 
Theorem 4.5  𝜏  (𝜆) ≤  𝑁𝐹𝑃𝑂 (𝑋, 𝜆) in a Nano fuzzy topological space (𝑋, 𝜏( )(𝜆)). 

Proof: If 𝜇 ∈ 𝜏  (𝜆), 𝜇 ≤ 𝑁𝑓𝐼𝑛𝑡(𝑁𝑓𝐶𝑙(𝑁𝑓𝐼𝑛𝑡(𝜇))). Since  𝑁𝑓𝐼𝑛𝑡(𝜇) ≤ 𝜇, 
𝑁𝑓𝐼𝑛𝑡(𝑁𝑓𝐶𝑙(𝑁𝑓𝐼𝑛𝑡(𝜇))) ≤ 𝑁𝑓𝐼𝑛𝑡(𝑁𝑓𝐶𝑙(𝜇). That is, 𝜇 ≤ 𝑁𝑓𝐼𝑛𝑡(𝑁𝑓𝐶𝑙(𝜇)). Therefore, 𝜇 ∈

𝑁𝐹𝑃𝑂(𝑋, 𝜆). That is, 𝜏  (𝜆) ≤ 𝑁𝐹𝑃𝑂 (𝑋, 𝜆). 
 
Theorem 4.6  𝜏  (𝜆) = 𝑁𝐹𝑆𝑂(𝑋, 𝜆)Λ 𝑁𝐹𝑃𝑂 (𝑋, 𝜆). 
Proof: If 𝜇 ∈ 𝜏  (𝜆), then 𝜇 ∈ 𝑁𝐹𝑆𝑂(𝑋, 𝜆) and 𝜇 ∈ 𝑁𝐹𝑃𝑂(𝑋, 𝜆) by theorems 4.4 and 4.5 and 
hence 𝜇 ∈ 𝑁𝐹𝑆𝑂(𝑋, 𝜆) Λ 𝑁𝐹𝑃𝑂 (𝑋, 𝜆). That is, 𝜏  (𝜆) ≤ 𝑁𝐹𝑆𝑂(𝑋, 𝜆)Λ 𝑁𝐹𝑃𝑂 (𝑋, 𝜆). 
Conversely, if 𝜇 ∈ 𝑁𝐹𝑆𝑂(𝑋, 𝜆) Λ 𝑁𝐹𝑃𝑂 (𝑋, 𝜆), then 𝜇 ≤ 𝑁𝑓𝐶𝑙(𝑁𝑓𝐼𝑛𝑡(𝜇))and 𝜇 ≤

𝑁𝑓𝐼𝑛𝑡(𝑁𝑓𝐶𝑙(𝜇)). Therefore, 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙(𝜇) ≤ 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) =

𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) . That is, 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙(𝜇) ≤  𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) . Also, 

𝜇 ≤ 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙(𝜇) ≤  𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇)  implies that 𝜇 ≤
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 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) . That is, 𝜇 ∈ 𝜏  (𝜆). Thus, 𝑁𝐹𝑆𝑂(𝑋, 𝜆) Λ 𝑁𝐹𝑃𝑂 (𝑋, 𝜆) ≤ 𝜏  (𝜆). 

Therefore, 𝜏  (𝜆) = 𝑁𝐹𝑆𝑂(𝑋, 𝜆)Λ 𝑁𝐹𝑃𝑂 (𝑋, 𝜆). 
 

Theorem 4.7 If, in a Nano fuzzy topological space 𝑋, 𝜏( )(𝜆) , 𝑅(𝜆) =  𝑅(𝜆) = 𝜆, then 1 ,

0 , 𝑅(𝜆)(= 𝑅(𝜆)) and any fuzzy set 𝜇 ≥ 𝑅(𝜆) are the only Nano fuzzy 𝛼-open sets in 𝑋. 

Proof: Since  𝑅(𝜆) =  𝑅(𝜆) = 𝜆, the Nano fuzzy topology, 𝜏( )(𝜆) = {1 , 0 , 𝑅(𝜆)}. Since 

any Nano fuzzy open set is Nano fuzzy 𝛼-open, 1 , 0 , 𝑅(𝜆) are Nano fuzzy 𝛼-open in 𝑋. If 

𝜇 ≤ 𝑅(𝜆), then 𝑁𝑓𝐼𝑛𝑡(𝜇) = 0 , since 0  is the only Nano fuzzy open subset of 𝜇. Therefore, 

𝑁𝑓𝐼𝑛𝑡(𝑁𝑓𝐶𝑙(𝑁𝑓𝐼𝑛𝑡(𝜇))) = 0  and hence 𝜇 is not Nano fuzzy 𝛼-open. If 𝜇 ≥ 𝑅(𝜆), 𝑅(𝜆) is 

the largest Nano fuzzy open subset of 𝜇 and hence,  𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) =

𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑅(𝜆) = 𝑁𝑓𝐼𝑛𝑡(𝐵𝑑(𝜆) ) = 𝑁𝑓𝐼𝑛𝑡(1 ), since 𝐵𝑑(𝜆) = 0 . Therefore, 

𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 1  and hence, 𝜇 ≤  𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) . This means that 

𝜇 is Nano fuzzy 𝛼-open. Thus 1 , 0 , 𝑅(𝜆)(= 𝑅(𝜆)) and any set 𝜇 ≥ 𝑅(𝜆) are the only Nano 

fuzzy 𝛼-open sets in 𝑋, if 𝑅(𝜆) =  𝑅(𝜆). 

 

Theorem 4.8 1 , 0  𝑎𝑛𝑑  𝑅(𝜆) and any set 𝜇 ≥ 𝑅(𝜆) are the only Nano fuzzy 𝛼-open sets in 

Nano fuzzy topological space 𝑋, 𝜏( )(𝜆)  if 𝑅(𝜆) = 0 . 

Proof: Since 𝑅(𝜆) = 0 , 𝐵𝑑(𝜆) = 𝑅(𝜆). Therefore, 𝜏( )(𝜆) = {1 , 0 , 𝑅(𝜆)} and the members 

of 𝜏( )(𝜆) are Nano fuzzy 𝛼-open in 𝑋. Let  𝜇 ≤ 𝑅(𝜆). Then 𝑁𝑓𝐼𝑛𝑡(𝜇) = 0  and hence 

𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 0 . Therefore, 𝜇 is not Nano fuzzy 𝛼-open 𝜇 is not Nano fuzzy 

𝛼-open. If 𝜇 ≥ 𝑅(𝜆), 𝑅(𝜆) is the largest Nano fuzzy open subset of 𝜇 (unless 𝑅(𝜆) = 1 , in 
case of which 1  and 0  are the only Nano fuzzy 𝛼-open sets in 𝑋). Therefore, 

𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑅(𝜆) = 𝑁𝑓𝐼𝑛𝑡(1 ) and hence 𝜇 ≤

 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) . Thus, any set 𝜇 ≥ 𝑅(𝜆) is Nano fuzzy 𝛼-open set in 𝑋. Hence, 

1 , 0  𝑎𝑛𝑑  𝑅(𝜆) and any superset of 𝑅(𝜆) are the only Nano fuzzy 𝛼-open sets in Nano fuzzy 

topological space 𝑋, 𝜏( )(𝜆) . 

 

Theorem 4.9 If 𝑅(𝜆) = 1  and 𝑅(𝜆) ≠ 0 , in a Nano fuzzy topological space 𝑋, 𝜏( )(𝜆) , 

then 1 , 0 , 𝑅(𝜆) 𝑎𝑛𝑑 𝐵𝑑(𝜆) are the only Nano fuzzy 𝛼-open sets in 𝑋. 

Proof: Since  𝑅(𝜆) = 1  and 𝑅(𝜆) ≠ 0 , the Nano fuzzy open sets in 𝑋 are 

1 ,0 , 𝑅(𝜆) 𝑎𝑛𝑑 𝐵𝑑(𝜆) and hence they are Nano fuzzy 𝛼-open also. If 𝜇 =  0 , then 𝜇  is Nano 

fuzzy 𝛼-open. Therefore, let 𝜇 ≠  0 . When 𝜇 ≤ 𝑅(𝜆), 𝑁𝑓𝐼𝑛𝑡(𝜇) =  0 , since the largest fuzzy 

open subset of 𝜇 is 0  and hence 𝜇 ≰ 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) , unless 𝜇 is 0 . That is, 𝜇 is 
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not Nano fuzzy 𝛼-open in 𝑋. When 𝑅(𝜆) ≤ 𝜇, 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝑅(𝜆) and therefore, 

𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑅(𝜆) = 𝑁𝑓𝐼𝑛𝑡(𝐵𝑑(𝜆) ) = 𝑁𝑓𝐼𝑛𝑡 𝑅(𝜆) =

𝑅(𝜆) ≤ 𝜇. That is, 𝜇 ≰ 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) . Therefore, 𝜇 is not Nano fuzzy 𝛼-open 

in 𝑋. Similarly, it can be shown that any fuzzy set 𝜇 ≤ 𝐵𝑑(𝜆) and 𝜇 ≥ 𝐵𝑑(𝜆) are not Nano 
fuzzy 𝛼-open in 𝑋. If 𝜇 has at least one element each of 𝑅(𝜆) and 𝐵𝑑(𝜆), then 𝑁𝑓𝐼𝑛𝑡(𝜇) =  0  

and hence 𝜇 is not Nano fuzzy 𝛼-open in 𝑋. Hence, 1 , 0 , 𝑅(𝜆) 𝑎𝑛𝑑 𝐵𝑑(𝜆) are the only Nano 

fuzzy 𝛼-open sets in 𝑋 when 𝑅(𝜆) = 1  and  𝑅(𝜆) ≠ 0 . 

 

Corollary 4.10 𝜏( )(𝜆) = 𝜏  (𝜆), if  𝑅(𝜆) = 1 . 

 

Theorem 4.11 Let 𝑅(𝜆) ≠ 𝑅(𝜆) where 𝑅(𝜆) ≠ 0  and 𝑅(𝜆) = 1  in a Nano fuzzy topological 

space 𝑋, 𝜏( )(𝜆) . Then 1 , 0 , 𝑅(𝜆), 𝐵𝑑(𝜆), 𝑅(𝜆) and any fuzzy set 𝜇 ≥ 𝑅(𝜆) are the only 

Nano fuzzy 𝛼-open sets in 𝑋. 

Proof: The Nano fuzzy topology on 𝑋 is given by 𝜏 (𝜆) =  1 , 0 , 𝑅(𝜆), 𝑅(𝜆), 𝐵𝑑(𝜆)  and 

hence  1 , 0 , 𝑅(𝜆), 𝑅(𝜆) 𝑎𝑛𝑑  𝐵𝑑(𝜆) are Nano fuzzy 𝛼-open sets in 𝑋. Let 𝜇 ≤ 𝜆 such that 

𝜇 ≥ 𝑅(𝜆). Then 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝑅(𝜆) and therefore, 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑅(𝜆) = 𝑁𝑓𝐼𝑛𝑡(1 ) = 1 . 

Hence, 𝜇 ≤ 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) . Therefore, any 𝜇 ≥ 𝑅(𝜆) is Nano fuzzy 𝛼-open in 𝑋. 

When 𝜇 ≤ 𝑅(𝜆), 𝑁𝑓𝐼𝑛𝑡(𝜇) =  0 , and hence 𝑁𝑓𝐼𝑛𝑡 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) =  0 . Therefore, 𝜇 

is not Nano fuzzy 𝛼-open in 𝑋. When 𝜇 ≤ 𝐵𝑑(𝜆), 𝑁𝑓𝐼𝑛𝑡(𝜇) =  0  and hence 𝜇 is not Nano 

fuzzy 𝛼-open in 𝑋. When 𝜇 ≤ 𝑅(𝜆) such that 𝜇 is neither a subset of 𝑅(𝜆) nor a subset 

of  𝐵𝑑(𝜆), 𝑁𝑓𝐼𝑛𝑡(𝜇) =  0  and hence 𝜇 is not Nano fuzzy 𝛼-open in 𝑋. Thus, 

1 , 0 , 𝑅(𝜆), 𝐵𝑑(𝜆), 𝑅(𝜆) and any fuzzy set 𝜇 ≥ 𝑅(𝜆) are the only Nano fuzzy 𝛼-open sets in 

𝑋. 
 
5. Forms of Nano fuzzy semi-open sets 
 
In this section, we have tried to derive forms of Nano fuzzy semi-open sets depending on 
various combinations of approximations. 
 

Remark 5.1 1  , 0  are obviously Nano fuzzy semi-open sets, since 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡( 1 ) =  1  

and 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡( 0 ) = 0 . 

 

Theorem 5.2 If, in a Nano fuzzy topological space  𝑋, 𝜏( )(𝜆) , 𝑅(𝜆) =  𝑅(𝜆), then  0  and 

fuzzy sets 𝜇 such that  𝜇 ≥ 𝑅(𝜆) are the only Nano fuzzy semi-open subsets of 𝑋. 
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Proof: In Nano fuzzy topological space  𝜏 (𝜆) =  1 , 0 , 𝑅(𝜆) , 0  is obviously Nano fuzzy 

semi-open. If 𝜇 is a non-empty fuzzy subset of 𝑋 and  𝜇 ≤ 𝑅(𝜆), then 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) =

𝑁𝑓𝐶𝑙(0 ) =0 . Therefore, 𝜇 is not Nano fuzzy semi-open, if 𝜇 ≤ 𝑅(𝜆). If 𝜇 ≥ 𝑅(𝜆), 

then 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝑁𝑓𝐶𝑙 𝑅(𝜆) =  1 , since 𝑅(𝜆) =  𝑅(𝜆). Therefore, 𝜇 ≤

𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇)  and hence 𝜇 is Nano fuzzy semi-open. 

 

Theorem 5.3 If 𝑅(𝜆) =  0  and  𝑅(𝜆)≠ 1 , then only those fuzzy sets containing 𝑅(𝜆) are the 

Nano fuzzy semi-open sets in 𝑋. 

Proof: In this case Nano fuzzy topology will be 𝜏 (𝜆) =  1 , 0 , 𝑅(𝜆) . Let 𝜇 be a non-empty 

fuzzy subset of 𝑋. If 𝜇 ≤ 𝑅(𝜆), then 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝑁𝑓𝐶𝑙(0 ) =0  and hence  𝜇 ≰

𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) . Therefore, 𝜇 is not Nano fuzzy semi-open in 𝑋. If 𝜇 ≥ 𝑅(𝜆), then 

𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝑁𝑓𝐶𝑙 𝑅(𝜆) =  1  and hence 𝜇 ≤ 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) . Therefore, 𝜇 is 

Nano fuzzy semi-open in 𝑋. 
 

Theorem 5.4 If 𝑅(𝜆)= 1  in a Nano fuzzy topological space then 1 , 0 , 𝑅(𝜆) and 𝐵𝑑(𝜆) are 

the only Nano fuzzy semi-open sets in 𝑋. 

Proof: If 𝑅(𝜆)= 1 , Nano fuzzy topological space will be 𝜏 (𝜆) =  1 , 0 , , 𝑅(𝜆), 𝐵𝑑(𝜆) . Let 

𝜇 be a non-empty fuzzy subset of  𝑋. If 𝜇 ≤ 𝑅(𝜆), then 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) =0 and hence 𝜇 is 

not Nano fuzzy semi-open in 𝑋. If 𝜇 = 𝑅(𝜆), then 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝑁𝑓𝐶𝑙 𝑅(𝜆) = 𝑅(𝜆) 

and hence 𝜇 ≤ 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) .Therefore, 𝜇 is Nano fuzzy semi-open in 𝑋.If 𝜇 ≥ 𝑅(𝜆), then 

𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝑁𝑓𝐶𝑙 𝑅(𝜆) = 𝑅(𝜆). Therefore, 𝜇 ≰ 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇)  and hence 𝜇 is 

not Nano fuzzy semi-open in 𝑋.If 𝜇 ≤ 𝐵𝑑(𝜆),𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 0  and hence 𝜇 is not Nano 

fuzzy semi-open in 𝑋. If 𝜇 = 𝐵𝑑(𝜆), then 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝑁𝑓𝐶𝑙(𝐵𝑑(𝜆)) = 𝐵𝑑(𝜆) and 

hence 𝜇 ≤ 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) . Therefore, 𝜇 is Nano fuzzy semi-open in𝑋.If 𝜇 ≥ 𝐵𝑑(𝜆), then 

𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) = 𝑁𝑓𝐶𝑙(𝐵𝑑(𝜆)) = 𝐵𝑑(𝜆) ≤ 𝜇 and hence 𝜇 is not Nano fuzzy semi-open in 

𝑋. Thus 1 , 0 , 𝑅(𝜆) and 𝐵𝑑(𝜆) are the only Nano fuzzy semi-open sets in 𝑋 if 𝑅(𝜆)= 1  and  

𝑅(𝜆) ≠ 0 . If  𝑅(𝜆) = 0 ,  1  and 0  are the only Nano fuzzy semi-open sets in 𝑋, since   1 and 

0  are the only sets in 𝑋 which are Nano fuzzy open and Nano fuzzy closed. 
 
Theorem 5.5 If 𝜇 and 𝛾 are Nano fuzzy semi-open sets in  𝑋, then 𝜇 ∨ 𝛾 is also Nano fuzzy 
semi-open in 𝑋. 

Proof: If 𝜇 and 𝛾 are Nano fuzzy semi-open sets in 𝑋, then 𝜇 ≤ 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇)  and 𝛾 ≤

𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝛾) . Consider 𝜇 ∨ 𝛾 ≤ 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) ∨ 𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝛾) =

𝑁𝑓𝐶𝑙 𝑁𝑓𝐼𝑛𝑡(𝜇) ∨ 𝑁𝑓𝐼𝑛𝑡(𝛾) = 𝑁𝑓𝐶𝑙(𝑁𝑓𝐼𝑛𝑡(𝜇 ∨ 𝛾)) and hence 𝜇 ∨ 𝛾 is Nano fuzzy semi-

open in 𝑋. 
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Conclusion: Earlier, when the theory of Nano topological spaces was introduced, it was 
expanded by defining different topological structures on them. One of them was weak forms 
of Nano open sets. When we have defined and introduced a new type of fuzzy topological 
spaces which are called Nano fuzzy topological spaces, we are also trying to find different 
fuzzy topological structures by which we will be able to develop and expand the theory of Nano 
fuzzy topological spaces. After the development of theory of Nano topological spaces, it’s 
applications were found. So this paper can be a small step towards development of theory and 
finding the different applications of Nano fuzzy topological spaces.   
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