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Abstract 
Here in, a common fixed point theorem of two self-mapping in the frame of generalized metric 
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1. Introduction 
In 1986, G. Jungck [6] proved common fixed point theorem under the concept of compatible 
self- mapping in metric spaces.  
In 1997, Alber and Delabrier [1] introduced the concept of φ-weak contraction under which the 
existence of fixed points for self-mapping of Hilbert spaces has been proved.  
Definition of a φ-weak contraction is “A mapping T: X → X is called a φ-weak contraction if 
there exists a continuous and non-decreasing function φ: [0,∞) → [0,∞) such that 𝜙(𝑡) =  0 
iff 𝑡 = 0 for which, for all x, y ∈ X, d (T (x), T (y)) ≤ d(x, y) – φ d(x, y)”.  
 In fact, Banach contraction appears to be a special case of weak contraction by taking φ(t) = 
(1 – α)t for 0 ≤ α < 1.  
In 2001, Rhoades [9] proved the result of Alber and Delabrieer in complete metric spaces.  
In 2008 Dutta and Choudhury [5] introduced the concept of (𝜓 − 𝜙)-contraction and proved 
the fixed point result of self-mapping in metric spaces stated as “Let (X, d) be a complete metric 
space and  
 T : X → X  satisfy ψ(d(T (x),T (y))) ≤ ψ(d(x, y))–φ(d(x, y)) for all x,y∈X, where ψ,φ : [0,∞) → 
[0,∞) are continuous non-decreasing functions such that ψ(t)=0= φ(t) iff t=0. Then T has a 
unique fixed point”. Taking ψ(t) = t ( t ≥0), we get the φ-weak contraction. Taking ψ(t)=t (t≥0) 
and φ(t)=(1– α)t with 0<α<1, we get Banach contraction.  
In 2009, Doric [4] proved common fixed point result of two self-mapping under (𝜓 − 𝜙)-
contraction stated as “Let (X,d) be a complete metric space and T,f:X→X satisfy  
ψ(d(T(x), f(y)))≤ψ(M(x, y))–φ( M(x, y)) for all x,y∈X, where 𝑀(𝑥, 𝑦) =

𝑚𝑎𝑥 𝑑(𝑥, 𝑦), 𝑑 𝑥, 𝑇(𝑥) , 𝑑 𝑦, 𝑓(𝑦) , (𝑑 𝑥, 𝑓(𝑦) + 𝑑(𝑦, 𝑇(𝑥))) , and 

(i) ψ:[0,∞)→[0,∞) is continuous non-decreasing such that ψ(t)=0 iff t=0,  
(ii) φ:[0,∞)→[0,∞) is lower semi-continuous such that φ(t)=0 iff t=0.  
Then T and f  have a unique fixed point in X. 
In 2000 Branciari [3] introduced metric space, called generalized metric space, which is a 
generalization of traditional metric space replacing triangular inequality by rectangular 
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inequality and thereafter many fixed point theorems and common fixed point theorems have 
been proved in this frame. 
 
In [10], I-generalized metric space has been introduced, which is a kind of generalization of 
generalized metric space, and some fixed point results under several contractions in the context 
of  
I-generalized metric spaces have been proved. 
In [2] existence of unique common fixed point of two self- mapping of rectangular metric 
spaces under  (𝜓 − 𝜙)-weakly contractive condition has been established, stated as “ Let (𝑋, 𝑑) 
be a Housdorff rectangular metric space, 𝑆, 𝑇: 𝑋 → 𝑋 such that 𝑆(𝑋) ⊂ 𝑇(𝑋) and (𝑇(𝑋), 𝑑) is 

a complete rectangular metric space, and satisfy 𝜓 𝑑 𝑆(𝑥), 𝑆(𝑦) ≤ 𝜓 𝑀 𝑇(𝑥), 𝑇(𝑦) −

𝜙(𝑀(𝑇(𝑥), 𝑇(𝑦))) for all 𝑥, 𝑦 ∈ 𝑋, and 𝜓, 𝜙 are continuous with 𝜓(𝑡) = 0 iff 𝑡 = 0, 𝜙(𝑡) =

0 iff 𝑡 = 0 and 𝜓 is non-decreasing, and 𝑀 𝑇(𝑥), 𝑇(𝑦) =

𝑚𝑎𝑥 𝑑 𝑇(𝑥), 𝑇(𝑦) , 𝑑 𝑇(𝑥), 𝑆(𝑥) , 𝑑(𝑇(𝑦), 𝑆(𝑦)) . Then S, T have a unique coincidence 

point in X. Moreover, if S and T are weakly compatible, then S, T have a unique common fixed 
point”.  
Here we are weakening the (𝜓 − 𝜙)-weakly contraction of [2] and establish new common 
fixed point result of two self-mapping of g.m.s., and then prove the analogous version of this 
result in the I-g. m. s. 
 
2. Preliminaries 
First we remind some notation and definitions that will be utilized in our subsequent discussion. 
 
Definition (2.1) [I-uniqueness or I-equality]: [10] Let X be a non-empty set and 𝑓: 𝑋 → 𝑋 be 
an idempotent map. Two elements x and y in X  are said to be I-unique with respect to f, if 
𝑓(𝑥) = 𝑓(𝑦); otherwise x and y are said to be I-distinct points in X. 
Definition (2.2)[I-generalized metric space]: [10] Let X be a non-empty set, 𝑓: 𝑋 → 𝑋 be an 
idempotent map, i.e.,𝑓 = 𝑓. A map 𝑑: 𝑋 → [0, ∞) is said to be an I-generalized metric (I-
g.m.s., in short) on X iff 

I1: ∀𝑥, 𝑦 ∈ 𝑋, 𝑑 𝑥, 𝑓(𝑦) = 0 𝑖𝑓𝑓 𝑓(𝑥) = 𝑓(𝑦) and 𝑑(𝑓(𝑥), 𝑦) = 0 𝑖𝑓𝑓 𝑓(𝑥) = 𝑓(𝑦). 

I2: 𝑑 𝑥, 𝑓(𝑦) = 𝑑(𝑦, 𝑓(𝑥)) and 𝑑(𝑓(𝑥), 𝑦) = 𝑑(𝑓(𝑦), 𝑥), ∀𝑥, 𝑦 ∈ 𝑋. 

I3: for all 𝑥, 𝑦 ∈ 𝑋 and for all I-distinct points 𝑢, 𝑣 ∈ 𝑋 each of which I-distinct from x and y, 
𝑑(𝑥, 𝑦) ≤ 𝑑(𝑓(𝑥), 𝑢) + 𝑑(𝑓(𝑢), 𝑣) + 𝑑(𝑣, 𝑓(𝑦)). 
The order triple (𝑋, 𝑑, 𝑓)is called an I-generalized metric space. Elements of X are said to be 
points in X. 
Example (2.3): (i) Every I-metric space is clearly a I-g.m.s.  
  (ii) Every generalized metric space (X,d)  is clearly a I-g-m-s. with respect to the identity map 
on X. 



Journal of Northeastern University 
Volume 25 Issue 04, 2022 

Copyright © 2022. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-
commercial No Derivatives (by-nc-nd). Available at https://dbdxxb.cn/ 

3671

                                                                                 

                                                                 
 

  (iii) Let 𝑋 = 𝐴 ∪ 𝐵, where 𝐴 = {0, 2}, 𝐵 =  ∶ 𝑛 ∈ ℕ . Let  𝑓: 𝑋 → 𝑋 be an idempotent 

mapping. Define 𝑑: 𝑋 → [0, ∞) by 

𝑑(𝑥, 𝑦) =

⎩
⎨

⎧
0, 𝑖𝑓 𝑓(𝑥) = 𝑓(𝑦)                                                                                

1, 𝑖𝑓 𝑓(𝑥) ≠ 𝑓(𝑦), {𝑓(𝑥), 𝑓(𝑦)} ⊆ 𝐴 𝑜𝑟 {𝑓(𝑥), 𝑓(𝑦)} ⊆ 𝐵

𝑓(𝑦), 𝑖𝑓 𝑓(𝑥) ∈ 𝐴, 𝑓(𝑦) ∈ 𝐵                                                       

𝑓(𝑥), 𝑖𝑓 𝑓(𝑥) ∈ 𝐵, 𝑓(𝑦) ∈ 𝐴                                                         

 

Then (𝑋, 𝑑, 𝑓)  is an I-g.m.s. 
Definition (2.4) [Convergence of a sequence:] [10] A sequence {𝑥 } in an I-g.m.s. (X, d, f) is 
said to I-converge to a point 𝑥 ∈ 𝑋, if for any 𝜀 > 0, ∃𝑚 ∈ ℕ such that 𝑑(𝑓(𝑥 ), 𝑥) < 𝜀, ∀𝑛 ≥

𝑚. In this case x is called I-limit of {𝑥 }.  
A sequence which is not I-convergent in an I-g.m.s. (X,d, f), is called a non-I-convergent or an 
I-divergent sequence.  
Definition (2.5) [Cauchy sequence]:[10] A sequence {𝑥 } in an I-g.m.s. (X, d, f) is said to be 
an I-cauchy sequence in X if for any 𝜀 > 0, ∃𝑛 ∈ ℕ such that 𝑑(𝑓(𝑥 ), 𝑥 ) < 𝜀, ∀𝑚, 𝑛 ≥ 𝑛 , 

i.e.,  𝑑 𝑓 𝑥 , 𝑥 < 𝜀, ∀𝑛 ≥ 𝑛 , ∀𝑝 ≥ 1.  

Definition (2.6) [Complete I-g.m. s.]: [10] An I-g.m.s. (X,d,f) is said to be I-complete if every 
I-cauchy sequence in X I-converges to some point of X ;otherwise (X,d,f) is called I-incomplete. 
Definition (2.7)[I-fixed point]: [10] Let X be a non-empty set and 𝑓: 𝑋 → 𝑋 is an idempotent 
map. A map ℎ: 𝑋 → 𝑋 is said to have an I-fixed point 𝑥(∈ 𝑋) if (𝑓ℎ)(𝑥) = 𝑓(𝑥). 
Theorem (2.8): [10] Let (X,d,f) be an I-g.m.s. Then  
(i) 𝑑(𝑥, 𝑥) = 0, ∀𝑥 ∈ 𝑋, 𝑖. 𝑒. , ∀𝑥, 𝑦 ∈ 𝑋, 𝑥 = 𝑦 ⟹ 𝑑(𝑥, 𝑦) = 0.  

(ii) 𝑑 𝑥, 𝑓(𝑦) = 𝑑(𝑓(𝑥), 𝑦) = 𝑑 𝑓(𝑥), 𝑓(𝑦) = 𝑑 𝑓(𝑦), 𝑓(𝑥) ≥ 𝑑(𝑥, 𝑦), 𝑑(𝑦, 𝑥), ∀𝑥, 𝑦 ∈

𝑋. 

(iii) 𝑑 𝑥, 𝑓(𝑥) = 0, ∀𝑥 ∈ 𝑋. 

Proof: Trivial. 
Definition (2.9)[Coincidence point]: Let X be a non-empty set and 𝑆, 𝑇: 𝑋 → 𝑋. A point 𝑥 ∈

𝑋 is called a coincidence point of S and T if 𝑆(𝑥) = 𝑇(𝑥) and if 𝑆(𝑥) = 𝑇(𝑥) = 𝑤, then w is 
called a point of coincidence of S and T . 
Also S and T are said to be weakly compatible if (𝑆𝑇)(𝑥) = (𝑇𝑆)(𝑥) whenever 𝑆(𝑥) = 𝑇(𝑥). 
 
3.  Main Results 
Theorem (3.1) Let (𝑋, 𝑑) be a g.m.s. and 𝑆, 𝑇: 𝑋 → 𝑋 such that (𝑋) ⊂ 𝑇(𝑋) . Let (𝑇(𝑋), 𝑑) 
be a complete g.m.s. 
Let 𝜓(𝑑(𝑆(𝑥), 𝑆(𝑦))) ≤ 𝜓(𝑀(𝑇(𝑥), 𝑇(𝑥))) − 𝜙(𝑀(𝑇(𝑥), 𝑇(𝑦))), ∀𝑥, 𝑦 ∈ 𝑋              (1) 
Where 𝜓, 𝜙 are continuous with 𝜓(𝑡) = 0 iff 𝑡 = 0, 𝜙(𝑡) = 0 iff 𝑡 = 0 and 𝜓 is non-

decreasing, and 𝑀 𝑇(𝑥), 𝑇(𝑦) =

𝑚𝑎𝑥 𝑑 𝑇(𝑥), 𝑇(𝑦) , 𝑑 𝑇(𝑥), 𝑆(𝑥) , 𝑑 𝑇(𝑦), 𝑆(𝑦) , 𝑑 𝑇(𝑦), 𝑆(𝑥) , 𝑑 𝑆(𝑥), 𝑆(𝑦) . Then S, 

T have a unique point of coincidence in X. Moreover, if S and T are weakly compatible, then 
S, T have a unique common fixed point. 
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Proof: Let u and v be points of coincidence of S and T in X. then there exists x, y in X, Such 
that S(𝑥) = T(𝑥) = 𝑢 and S(𝑦) = T(𝑦) = 𝑣                                                                                       (2) 
Now from (1) we get, 

𝜓(𝑑(𝑢, 𝑣)) = 𝜓(𝑑(𝑠(𝑥), 𝑆(𝑦)))

 ≤ 𝜓(𝑀(𝑇(𝑥), 𝑇(𝑦))) − 𝜙(𝑀(𝑇(𝑥), 𝑇(𝑦))).
                                                          (3) 

where 

𝑀 𝑇(𝑥), 𝑇(𝑦) = max. 𝑀(𝑑(u, 𝑣), 𝑑(𝑢, 𝑢), 𝑑(𝑣, 𝑣), 𝑑(𝑣, 𝑢), 𝑑(𝑢, 𝑣) = 𝑑(𝑢, 𝑣)) 

Therefore (3) becomes 

𝜓(𝑑(𝑢, 𝑣)) ≤ 𝜓(𝑑(𝑢, 𝑣) − 𝜙(𝑑(𝑢, 𝑣)) < 𝜓(𝑑(𝑢, 𝑣)) < 𝜓(𝑑(𝑢, 𝑣) 𝑖𝑓𝑑(𝑢, 𝑣) > 0   

which is not possible. therefore 𝑑(𝑢, 𝑣) = 0. Therefore 𝑢 = 𝑣.  

Therefore, If 𝑆 and 𝑇 have one point of coincidence, there it is unique. 

Let 𝑢 be the point of coincidenoc of 𝑆 and 𝑇.then there exists 𝑥 ∈ 𝑋. Such that 𝑆(𝑥) = 𝑇(𝑥) =

𝑢    (4) 

Since 𝑆 and 𝑇 are weakly compatible, we have (𝑆𝑇)(𝑥) = (𝑇𝑆)(𝑥) 

⇒  𝑆(𝑢) = 𝑇(𝑢) = 𝑢 (say)                                                                                                                                 (5) 

Since 𝑆 and 𝑇 have unique point of coincidence, from (4) and (5) we have 𝑢 = 𝑣 

Therefore S(𝑢) = 𝑢 = 𝑇(𝑢)                                                                                                                            (6) 

So that 𝑢 is a common fixed point of S and T. Let 𝑤 be any common fixed point of 𝑆 and 𝑇. 

Then 𝑆(𝑤) = 𝑤 = 𝑇(𝑤)                                                                                                                                  (7) 

⇒  𝑤 is a point of coincidence of 𝑆 and 𝑇. Since 𝑆 and 𝑇 have a unique point of concidence, 
from (6) and (7) we have 𝑢 = 𝑤. Therefore S and T have unique common fixed point. If S and 
T have a common fixed point. Then it is unique. 
Let 𝑥 ∈ 𝑋 be arbitrary since 𝑆(𝑥) C T(𝑥). Define two scquences {𝑥 }, {𝑦 } in 𝑋 as follows: 

𝑦 = 𝑆(𝑥 ) = 𝑇(𝑥 ) ( Since  𝑗 = 𝑆(𝑥 )𝐶𝑆(𝑥) ⊂ 𝑇(𝑥)) 

There exist 𝑥 ∈ 𝑋 such that 𝑆(𝑥 ) = 𝑇(𝑥 )  

𝑦 = 𝑆(𝑥 ) = 𝑇(𝑥 ) 
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                                                                                  ……………………………… 

Therefore, ∀𝑛 ∈ 𝑁 ∪ {0},  𝑦 = 𝑆(𝑥 ) = 𝑇(𝑥 ) 

If 𝑦 = 𝑦  for some 𝑛 ∈ 𝑁, Then 𝑦 = 𝑆(𝑥 ) 

⇒  𝑇(𝑥 ) = 𝑦 = 𝑆(𝑥 ) So that 𝑦  is the coincidence point of S and T. 

Let  𝑦 ≠ 𝑦 ,  ∀𝑛 ∈ 𝑁 

If 𝑦 = 𝑆(𝑥 ) = 𝑆(𝑥 ) = (𝑦 ) for some 𝑛 ≥ 0, 𝑝 ≥ 2 then 

𝑦 = 𝑆(𝑥 ) = 𝑇(𝑥 ) = 𝑆 𝑥 = 𝑇 𝑥 = 𝑦  

So that, at time of construction of the sequence {𝑥 } and {𝑦 }, we choose 𝑥 = 𝑥 , ∀𝑛 ≥

0 
In this case, from (1) we get, 

𝜓 𝑑(𝑦 , 𝑦 ) = 𝜓 𝑑 𝑠(𝑥 ), 𝑆(𝑥 )

≤ 𝜓 𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) = 𝜙 𝑀 𝑇(𝑥 ), 𝑇(𝑥 )
                                                               (8) 

Where 𝑀(𝑇(𝑥 ), 𝑇(𝑥 ) = Max {𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 ) =

Max {𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 )} 

If 𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) = 𝑑(𝑦 , 𝑦 ), Then from (8) 

We have 𝜓 𝑑(𝑦 , 𝑦 ) ≤ 𝜓 𝑑(𝑦 , 𝑦 ), 𝜓 𝑑(𝑦 , 𝑦 ) ≤ 𝜓 𝑑(𝑦 , 𝑦 ) −

𝜓 𝑑(𝑦 , 𝑦 )   

⇒  𝜙(𝑑(𝑦 , 𝑦 ) = 0 ⇒ 𝑑(𝑦 , 𝑦 ) = 0 

⇒  𝑦 = 𝑦  which is not true. 

Therefore (8) becomes, 

𝜓 𝑑(𝑦 , 𝑦 ) ≤ 𝜓 𝑑(𝑦 , 𝑦 ) − 𝜙 𝑑(𝑦 , 𝑦 ) ≤ 𝜓 𝑑(𝑦 , 𝑦 )

⇒ 𝑑(𝑦 , 𝑦 ) ≤ 𝑑(𝑦 , 𝑦 ), ∀𝑛 ∈ 𝑁 (since 𝜓 𝑖𝑠 𝑛𝑜𝑛 − 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔)
                                  

(9) 

Therefore {𝑑(𝑦 , 𝑦 )} is a decreasing sequence of non-negative sequence of real numbers so 
that it wis converges to some real number 𝑟(≥ 0). Let 𝑟 > 0 
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Since 𝜙, 𝜓 are continuous, from (9) we get 

𝜓(𝑟) ≤ 𝜓(𝑟) − 𝜙(𝑟) < 𝜓(𝑟) since 𝑟 > 0 ⇒ 𝜙(𝑟) < 0 a contradiction. Therefore r = 0 therefore 
 lim

→
 𝑑(𝑦 , 𝑦 ) = 0

(10) 

Now from (1) we get, 

Ψ 𝑑(𝑦 , 𝑦 ) = 𝜓 𝑑 𝑠(𝑥 ) , 𝑆(𝑥 )

≤ 𝜓 𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) − 𝜙 𝑀 𝑇(𝑥 ), 𝑇(𝑥 )
                                                                        (11) 

Therefore {𝑑(𝑦 , 𝑦 )} is a decreasing sequence of non-negative real number so that it 
converges to some real number 𝑟(≥ 0). Let 𝑟 > 0. 

Since 𝜓, 𝜙 are continuous, from (8) we get 𝜓(𝑟) ≤ 𝜓(𝑟) − 𝜙(𝑟) < 𝜓(𝑟) 

(Since > 0 ⇒ 𝜙(𝑟) > 0 ) a contradiction. Therefore 𝑟 = 0 Therefore 

lim
→

 𝑑(𝑦 , 𝑦 ) = 0 

Now from (1) we get, 

Ψ 𝑑(𝑦 , 𝑦 ) = 𝜓 𝑑𝑆(𝑥 )𝑆(𝑥 )

≤ 𝜓 𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) − 𝜙 𝑀 𝑇(𝑥 ), 𝑇(𝑥 )
 

where 𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) = max{𝑑(𝑦 , 𝑦 )}, 𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 ), 

𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 )} 

⇒  max{𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 )}, 

 [Since 𝑑(𝑦 , 𝑦 ) ≤ 𝑑(𝑦 , 𝑦 ) ≤ 𝑑(𝑦 , 𝑦 )].  

Let 𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) = 𝑑(𝑦 , 𝑦 ) Then (11) becomes 

𝜓 𝑑(𝑦 , 𝑦 ) = 𝜓 𝑑(𝑦 , 𝑦 ) − 𝜙(𝑑(𝑦 , 𝑦 ) ≤ 𝜓 𝑑(𝑦 , 𝑦 )                                  

(12) 

⇒  𝑑(𝑦 , 𝑦 ) ≤ 𝑑(𝑦 , 𝑦 ), ∀𝑛 ∈ 𝑁 in that {𝑑(𝑦 , 𝑦 )} is a decreasing sequence of 
non-negative real numbers and hence it connerges to some real number 𝑟(≥ 0) 

 If 𝑦 = 𝑆(𝑥 ) = 𝑇(𝑥 ) = 𝑆 𝑥 = 𝑇 𝑥  



Journal of Northeastern University 
Volume 25 Issue 04, 2022 

Copyright © 2022. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-
commercial No Derivatives (by-nc-nd). Available at https://dbdxxb.cn/ 

3675

                                                                                 

                                                                 
 

So that, at the time of construction of the sequence {𝑥 } and {𝑦 }, we choose 

𝑥 = 𝑥 , ∀𝑛 ≥ 0. in this case from (1), we get, 

𝜓 𝑑(𝑦 , 𝑦 ) = 𝜓 𝑑 𝑆(𝑥 ), 𝑆(𝑥 )

 ≤ 𝜓 𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) − 𝜙 𝑀 𝑇(𝑥 ), 𝑇(𝑥 )

 

Where 𝑀 𝑇(𝑥 ) , 𝑇(𝑥 ) = max{𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 )} 

 = m  {𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 )}

 If 𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) = 𝑑(𝑦 , 𝑦 ), then from (7) we get, 

 𝜓 𝑑(𝑦 , 𝑦 ) ≤ 𝜓 𝑑(𝑦 , 𝑦 ) − 𝜓 𝑑(𝑦 , 𝑦 )

 ⇒  𝜙 𝑑(𝑦 , 𝑦 ) = 0 ⇒ 𝑑(𝑦 , 𝑦 ) = 0

 ⇒  𝑦 = 𝑦  which is not the case. 

 

Therefore 𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) = 𝑑(𝑦 , 𝑦 ) 

 Therefore (8) becomes, 𝜓 𝑑(𝑦 , 𝑦 ) ≤ 𝜓 𝑑(𝑦 , 𝑦 ) − 𝜙 𝑑(𝑦 , 𝑦 )

 ≤ 𝜓 𝑑(𝑦 , 𝑦 )
 

⇒  𝑑(𝑦 , 𝑦 ) ≤ 𝑑(𝑦 , 𝑦 ), ∀𝑛 ∈ 𝑁  (Since, 𝜓 is non-decreasing). 

Where 𝑀 𝑇(𝑥 ), 𝑇(𝑥 )  

=  m 𝑎𝑥. {𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 )}

=  m 𝑎𝑥. {𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 ), 𝑑(𝑦 , 𝑦 )}

{ since 𝑑(𝑦 , 𝑦 ) ≤ 𝑑(𝑦 , 𝑦 ) ≤ 𝑑(𝑦 , 𝑦 )}

 

 Let 𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) = 𝑑(𝑦 , 𝑦 ) Then (10) becomes 

 
𝜓 𝑑(𝑦 , 𝑦 )  ≤ 𝜓 𝑑(𝑦 , 𝑦 ) − 𝜙 𝑑(𝑦 , 𝑦 )

 ≤ 𝜓 𝑑(𝑦 , 𝑦 )

 

⇒  𝑑(𝑦 , 𝑦 ) ≤ 𝑑(𝑦 , 𝑦 ), ∀𝑛 ∈ 𝑁 in that [𝑑(𝑦 , 𝑦 )] is a decreasing sequence of  
Non-negative real numbers and hence it converges to some real number and hence it converges 
to some real number 𝑟(≥ 0) 

Let 𝑟 > 0 Now by continuing of 𝜙, 𝜓 from (12) we get 

𝜓(𝑟) = 𝜓(𝑟) − 𝜙(𝑟) ≤ 𝜓(𝑟) (Since 𝑟 > 0 ⇒ 0(𝑟) > 0 a contradiction.  

Therefore 𝑟 = 0 therefore lim →  𝑑(𝑦 , 𝑦 ) = 0 in this case  
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Let 𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) = 𝑑(𝑦 , 𝑦 ), then (12) becomes. 

𝜓 𝑑(𝑦 , 𝑦 ) ≤ 𝜓 𝑑(𝑦 , 𝑦 ) − 𝜙 𝑑(𝑦 , 𝑦 ) . 

 Let 𝜓 𝑇(𝑥 ) , 𝑇(𝑥 ) = 𝑑(𝑦 , 𝑦 ) Then (12) becomes 

 𝜓 𝑑(𝑦 , 𝑦 ) ≤ 𝜓 𝑑(𝑦 , 𝑦 ) − 𝜙 𝑑(𝑦 , 𝑦 )

 ⇒  0 ≤ lim
→

 𝜓 𝑑(𝑦 , 𝑦 ) ≤ 𝜓(0) − 𝜙(0) = 0

  

 (by (10), continuity of 𝜙, 𝜓 and since 𝜙(0) = 0 = 𝜓(0) )   

 ⇒  lim
→

 𝜓 𝑑(𝑦 , 𝑦 ) = 0, in this case 

 ⇒  𝜓 lim
→

 𝑑(𝑦 , 𝑦 ) = 0 (by property of 𝜓 ) 
  

Let  𝑀 𝑇(𝑥 ), 𝑇(𝑥 ) = 𝑑(𝑦 , 𝑦 ). Then (11) becomes 

𝜓 𝑑(𝑦 , 𝑦 ) ≤ 𝜓 𝑑(𝑦 , 𝑦 ) − 𝜙 (𝑦 , 𝑦 )   

 ⇒  𝜙 𝑑(𝑦 , 𝑦 ) = 0 ⇒ 𝑑(𝑦 , 𝑦 ) = 0 (by property of 𝜙 ) 

 ⇒  𝑦 = 𝑦  which is not case. 
  

Therefore, in any admissible case, we have  
lim →  𝑑(𝑦 , 𝑦 ) = 0                                                                                                                      (13) 

 Let lim
→

 𝑑 𝑦 , 𝑦 ≤ 𝑑 𝑦 , 𝑦 + 𝑑 𝑦 , 𝑦 + 𝑑 𝑦 , 𝑦 → 0  

by (13) and (10) Therefore 

lim
→

 𝑑 𝑦 , 𝑦 = 0. Therefore by mathematical induction, 

lim
→

 𝑑 𝑦 , 𝑦 = 0 for any integer 𝑝 ≥ 1. Therefore {𝑦 } is cauchy in X. 

Now for all 𝑛 ∈ 𝑁 ∪ {0}, 𝑦 = 𝑆(𝑥 ) = 𝑇(𝑥 ) ∈ 𝑇(𝑋) 

Therefore {𝑦 } is couchy in {𝑇(𝑥), 𝑑}, So that {𝑦 } converges to some point 𝑢 ∈ 𝑇(𝑥). 

Now 𝑢 ∈ 𝑇(𝑥) ⇒ 𝑢 = 𝑇(𝑣) for some 𝑣 ∈ 𝑋𝑀 𝑇(𝑥 ) , 𝑇(𝑈) 

lim
→

 𝑀(𝑇(𝑥 ), 𝑇(𝑣)) = max. {0,0, 𝑑(𝑢, 𝑠(𝑣),0, 𝑑(𝑢, 𝑠(𝑣))} = 𝑑(𝑢, 𝑠(𝑣)) 

from (1) we get 𝜓 𝑑(𝑠(𝑥 ), 𝑠(𝑣)) ≤ 𝜓 𝑀(𝑇(𝑥 ), 𝑇(𝑣)) − 𝜙(𝑀(𝑇(𝑥 ), 𝑇(𝑣))                          

(14) 
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Where 𝑀(𝑇(𝑥 ), 𝑇(𝑣)) =

max{𝑑(𝑦 , 𝑢), 𝑑(𝑦 , 𝑦 ), 𝑑(𝑢, 𝑠(𝑣)), 𝑑(𝑢, 𝑦 ), 𝑑(𝑦 , 𝑠(𝑣))}        (15)  

Now 𝑑(𝑦 , 𝑠(𝑣)) ≤ 𝑑(𝑦 , 𝑦 ) + 𝑑(𝑦 , 𝑢) + 𝑑(𝑢, 𝑠(𝑣)) 

≤ 𝑑(𝑦 , 𝑦 ) + 𝑑(𝑦 , 𝑢) + 𝑑(𝑢, 𝑦 ) + 𝑑(𝑦 , 𝑦 ) + 𝑑(𝑦 , 𝑠(𝑣)) 

⇒  lim →  𝑑(𝑦 , 𝑠(𝑣)) ≤ 0 + 0 + 𝑑(𝑢, 𝑠(𝑣)) ≤ 0 + 0 + 0 + 0 + lim →  𝑑(𝑦 , 𝑠(𝑣)) 

(𝑏𝑦(10) and lim →  𝑦 = 𝑢) 

⇒  𝑢 = 𝑠(𝑣) ⇒ 𝑇(𝑣) = 𝑠(𝑣)                                                                                                                      (16) 

from (16) we get, 

lim
→

 𝑀(𝑇(𝑥 ), 𝑇(𝑣)) = max. {0,0, 𝑑(𝑢, 𝑆(𝑣),0, 𝑑(𝑢, 𝑆(𝑣))} = 𝑑(𝑢, 𝑆(𝑣))                                        

(17) 

(by (10), (16)), Therefore from (14) we get 

lim
→

 𝜓(𝑑(𝑦 , 𝑆(𝑣)) ≤ 𝜓(𝑑(𝑢, 𝑆(𝑣))) − 𝜙(𝑑(𝑢, 𝑆(𝑣)) … . (by continuity of 𝜙, Ψ) 

⇒  0 ≤ 𝜓(𝑑(𝑢, 𝑆(𝑣)) ≤ 𝜓(𝑑(𝑢, 𝑆(𝑣)) − 𝜙(𝑑(𝑢, 𝑆(𝑣))  (by continity of 𝜓 and 16 ))  

⇒  𝜙(𝑑(𝑢, 𝑆(𝑣)) = 0 ⇒ 𝑑(𝑢, 𝑆(𝑣)) = 0 (by property of 𝜙)  ⇒  𝑢 = 𝑆(𝑣) ⇒ 𝑇(𝑣) = 𝑆(𝑣) 

Let 𝑤 = 𝑇(𝑣) = 𝑆(𝑢), then 𝑤 is a point of coincidence of 𝑆 and 𝑇 and hence it is 
unique.(already proved)  

Let 𝑆 and 𝑇 be weak compatible. Then we have already proved 𝑤 is a unique. Common fixed 
point of 𝑆 and 𝑇 

Definition (3.2) Let 𝑓, 𝑆, 𝑇: 𝑋 → 𝑋, where 𝑋 is a nonemply set and 𝑓 is idempotent. 

(a) A point 𝑥 ∈ 𝑋 is called an I-coincidence point of 𝑆 and 𝑇 (with respect of ) If (𝑓𝑠)(𝑥) 

= (𝑓𝑇)(𝑥) and if (𝑓𝑠)(𝑥) = (𝑓𝑇)(𝑥) = 𝑤 then 𝑤 is called a point of I-coincidence of 𝑆 and 
𝑇. 

(b) 𝑆 and 𝑇 are said to be weakly I-compatible. If (𝑓𝑆𝑓𝑇)(𝑥) = (𝑓𝑇𝑓𝑆)(𝑥) whenever 
(𝑓𝑆)(𝑥) = (𝑓𝑇)(𝑥) 

Theorem (3.3) Let (𝑋, 𝑑, 𝑓) be an I-g.m.s. Let 𝑆, 𝑇; 𝑋 → 𝑋 such that 𝑆(𝑋) ⊂ 𝑇(𝑋). 

Let (𝑇(𝑥), 𝑑, 𝑓) is an I-complete I-g.m.s. provided (𝑓𝑇)(𝑥) ⊂ 𝑇(𝑥). 
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Let 𝜓(𝑑(𝑓𝑠)(𝑥), 𝑠(𝑦)) ≤ 𝜓(𝑀((𝑓𝑇)(𝑥), 𝑇(𝑦))) − 𝜙(𝑀((𝑓𝑇)(𝑥), 𝑇(𝑦))), ∀𝑥, 𝑦 ∈ 𝑋                      
(1) 

 where 𝜓, 𝜙 ∈ 𝜓 nondecreasing and 𝑀((𝑓𝑇)(𝑥), 𝑇(𝑦))

 = max. {𝑑((𝑓𝑇)(𝑥), 𝑇(𝑦)), 𝑑((𝑓𝑇), (𝑥), 𝑆(𝑠))

𝑑((𝑓𝑇)(𝑦), 𝑆(𝑦)), 𝑑((𝑓𝑇)(𝑦), 𝑆(𝑥)), 𝑑((𝑓𝑆)(𝑥), 𝑆(𝑦))}

 

Then S and T have an I-unique point of I-unique common I-fixed point. 

Proof: Let 𝑢 and 𝑣 be points of I-coincidence of S and T. then there exists x, y in X Such that 
(𝑓𝑆)(𝑥) = (𝑓𝑇)(𝑥) = 𝑢 and (𝑓𝑆)(𝑦) = (𝑓𝑇)(𝑦) = 𝑣                                                                                             
(2) 

Now from (1) we get, 

𝜓(𝑑(𝑓(𝑢), 𝑣)) = (𝑑(𝑓(𝑢), 𝑓(𝑣)) = 𝜓(𝑑((𝑓𝑆)(𝑥), (𝑓𝑆)(𝑦))) ( by (2))

 = 𝜓(𝑑(𝑓𝑆(𝑥), 𝑆(𝑦))) ≤ 𝜓(𝑀((𝑓𝑇)(𝑥) ⋅ 𝑇(𝑦))) − 𝜙(𝑀)((𝑓𝑇))(𝑥), 𝑇(𝑦)))
                            

(3) 

Where 𝑀((𝑓𝑇)(𝑥), 𝑇(𝑦))) =

max{𝑑(𝑓(𝑢), 𝑣), 𝑑(𝑓(𝑢), 𝑣),𝑑(𝑓(𝑢), 𝑣), 𝑑(𝑓(𝑣), 𝑢), 𝑑(𝑓(𝑢, 𝑣)) = 𝑑(𝑓(𝑢), 𝑣) 

Therefore (3) becomes 

𝜓(𝑑(𝑓(𝑢), 𝑣)) ≤ 𝜓(𝑑(𝑓(𝑢), 𝑣) − 𝜙(𝑑(𝑓(𝑣), 𝑣))

 < 𝜓(𝑑(𝑓(𝑢), 𝑣)), If 𝑑(𝑓(𝑓(𝑢), 𝑣) > 0
 

Which is not possible therefore 𝑑(𝑓(𝑢), 𝑣) = 0 

Therefore 𝑓(𝑢), = 𝑓(𝑣). Therefore 𝑆 and 𝑇 have a point of I-coincidence then it is I-unique. 

Let u be the I-unique point of I-coincidence of S and T. then there exists x in X such that 

(𝑓𝑆)(𝑥) = (𝑓𝑇)(𝑥) = 𝑢                                                                                                                               (4) 

Since 𝑆 and 𝑇 are weakly I-compatible, 

 We have (𝑓𝑆𝑓𝑇)(𝑥) = (𝑓𝑇𝑓𝑆)(𝑥)

 ⇒  (𝑓𝑆)(𝑢) = (𝑓𝑇)(𝑢) = 𝑣  (say) 
                                                                                                   (5) 

Since 𝑆 and 𝑇 have I-unique point of I-coincidence then from (4) and (5),  𝑓(𝑢) = 𝑓(𝑣) 

Therefore (𝑓𝑆)(𝑢) = 𝑓(𝑢) = 𝑓(𝑇)(𝑢)                                                                                                     (6) 

As u is the common fixed point of S and T. 
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Let 𝑤 be any common I-fixed point of 𝑆 and 𝑇. Then (𝑓(𝑥)(𝑥) = 𝑓(𝑤) = (𝑓𝑇)(𝑤) 

Then (𝑓𝑆)(𝑤) = 𝑓(𝑤) = (𝑓𝑇)(𝑤)                                                                                                            (7) 

𝑓(𝑤) is a point of I-coincidence of 𝑆 and 𝑇. 
𝑆 and 𝑇 have I-unique point of coincidence, 

  

Therefore 𝑆 and 𝑇 have a I-unique commen fixed point. Therefore, If 𝑆 and 𝑇 have a commen 
Lined point. Let 𝑥 ∈ 𝑋 be arbitrary, since 𝑆(𝑥) ⊂ 𝑇(𝑥) define two sequences {𝑥 }, {𝑦 } in X 
as follows 𝑦 = 𝑆(𝑥 ) = 𝑇(𝑥 ) Since 𝑦 = 𝑆(𝑥 ) ∈ 𝑆(𝑥) ⊂ 𝑇(𝑥), there exist 𝑥, ∈ 𝑋 such that 
𝑆(𝑥 ) = 𝑇(𝑥 ) 

𝑦 = 𝑆(𝑥 ) = 𝑇(𝑥 )…and so on 

Hence, ∀𝑛 ∈ 𝑁 ∪ {0}, ∀ = 𝑆(𝑥 ) = 𝑇(𝑥 ) 

𝑓(𝑦 ) = 𝑓(𝑦 ) for some 𝑛 ∈ 𝑁, then 
𝑓(𝑦 ) = (𝑓 S)(𝑥 ) = (𝑓𝑇)(𝑥 ) = 𝑓(𝑦 ) = (𝑓 S)(𝑥 )

 

So that 𝑓(𝑦 ) is the I-unique point of coinidence of 𝑆 and 𝑇, or 𝑥  is the I-unique I-
coincidence point 
and 𝑇 of 𝑆 and 𝑇 

 Let 𝑓(𝑦 ) ≠ 𝑓(𝑦 ), ∀𝑛 ∈ 𝑁.

 If 𝑓(𝑦 ) = (𝑓𝑆)(𝑥 ) = (𝑓𝑆) 𝑥 = 𝑓 𝑦
  

for some 𝑛 ≥ 0, 𝑝 ≥ 2 then 

𝑓(𝑦 )  = (𝑓𝑆)(𝑥 ) = (𝑓𝑇)(𝑥 ) = (𝑓𝑆) 𝑥 = (𝑓𝑇)(𝑥 )

 = 𝑓(𝑦 ) so that at the time of construction of the sequence 
 

We choose 𝑥 = 𝑥 , ∀𝑛 ≥ 0, in this case, from (1) we get 

𝜓 𝑑(𝑓(𝑦 ), 𝑦 )  = 𝜓 𝑑 (𝑓𝑆)(𝑥 ), 𝑆(𝑥 )

 ≤ 𝜓 𝑀 (𝑓𝑇)(𝑥 ), 𝑇(𝑥 ) − 𝜑(𝑀( 𝑓𝑇(𝑥 ), 𝑇(𝑥 )             (8)
 

Where 𝑀 (𝑓𝑇)(𝑥 ), 𝑇(𝑥 ) . 

= max. {𝑑(𝑓(𝑦 ), 𝑦 ), 𝑑(𝑓(𝑦 ), 𝑦 ), 𝑑(𝑓(𝑦 ), 𝑦 ),

𝑑(𝑓(𝑦 ), 𝑦 ), 𝑑 𝑓(𝑦 ), (𝑦 )
  

If 𝑀((𝑓𝑇)(𝑥 ), 𝑇(𝑥 ) = 𝑑(𝑓(𝑦 ), 𝑦 ), then from (8) we get, 
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𝜓 𝑑(𝑓(𝑦 ), 𝑦 ) ≤ 𝜓 𝑑(𝑓(𝑦 ), 𝑦 ) − 𝜙 𝑑(𝑓(𝑦 ), 𝑦 )

⇒ 𝜓 𝑑(𝑓(𝑦 ), 𝑦 ) = 0 ⇒ 𝑑(𝑓(𝑦 ), 𝑦 ) = 0

⇒ 𝑓(𝑦 ) = 𝑓(𝑦 ) which is not the case. 

 

Therefore 𝑀 (𝑓𝑇)(𝑥 ), 𝑇(𝑥 ) = 𝑑(𝑓(𝑦 ), 𝑦 ) 

Therefore (8) becomes. 

𝜓 𝑑(𝑓(𝑦 ), 𝑦 ) ≤ 𝜓(𝑑(𝑦 ), 𝑦 ) − 𝜙 𝑑(𝑓(𝑦 ), 𝑦 ) ≤ 𝜓 𝑑(𝑓(𝑦 ), 𝑦 )          (9) 

⇒  𝑑(𝑓(𝑦 ), 𝑦 ) ≤ 𝑑(𝑓(𝑦 ), 𝑦 ), ∀𝑛 ∈ 𝑁 (since 𝜓 is non decreasing.) 

Therefore {𝑑(𝑓(𝑦 ), 𝑦 )} is a decreasing sequence of non-negative real number so that it 
comerges to some real number 𝑟(≥ 0) a contradiction therefore 𝑟 = 0 

Therefore lim
→

 𝑑(𝑓(𝑦 ), 𝑦 ) = 0                                                                                                              (10) 

Now from (1) we get, 

𝜓 𝑑(𝑓(𝑦 ), 𝑦 ) = 𝜓 𝑑(𝑓𝑆)(𝑥 ), 𝑆(𝑥 )

 ≤ 𝜓 𝑀 (𝑓𝑇)(𝑥 ), 𝑇(𝑥 ) − 𝜙 𝑀 (𝑓𝑇)(𝑥 ), 𝑇(𝑥 )                                (11)
 

Where 𝑀 (𝑓𝑇)(𝑥 ), 𝑇(𝑥 )  

= max. {𝑑(𝑓(𝑦 ), 𝑦 ), 𝑑(𝑓(𝑦 ), 𝑦 )

𝑑(𝑓(𝑦 ), 𝑦 ), 𝑑(𝑓(𝑦 ), 𝑦 ), 𝑑(𝑓(𝑦 ), 𝑦 )}

= max. {𝑑(𝑓(𝑦 ), 𝑦 ), 𝑑(𝑓(𝑦 )𝑦 ), 𝑑(𝑓(𝑦 ), 𝑦 )}

 since 𝑑(𝑓(𝑦 ), 𝑦 ) ≤ 𝑑(𝑓(𝑦 ), 𝑦 ) ≤ 𝑑 𝑓(𝑦 , 𝑦 )

 Let 𝑀 (𝑓𝑇)(𝑥 ), 𝑇(𝑥 ) = 𝑑(𝑓(𝑦 ), 𝑦 ) − 𝜙 𝑑(𝑓(𝑦 ), 𝑦 )

≤ 𝜓 𝑑(𝑓(𝑦 ), 𝑦 )

⇒  𝑑(𝑓(𝑦 ), 𝑦 ) ≤ 𝑑(𝑓(𝑦 ), 𝑦 ), ∀𝑛 ∈ 𝑁                                                                           (12)

  

So that {𝑑(𝑓(𝑦 ), 𝑦 ∈ )} is a decreasing sequence of nonege to some real number 𝑟(≥ 0). 

Let 𝑟 > 0 Now by continuity of 𝜙, 𝜓, from (12) we get 

𝜓(𝑟) ≤ 𝜓(𝑟) − 𝜙(𝑟) < 𝜓(𝑟) (since, 𝑟 > 0 ⇒ 𝜙(𝑟) > 0 ) a contradiction therefore 𝑟 = 0 

lim →  𝑑(𝑓(𝑦 ), 𝑦 ) = 0 in this case. Let lim →  𝑑(𝑓(𝑦 ), 𝑦 ) = 0                               (13) 

Then (12) becomes, 
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𝜓 𝑑(𝑓(𝑦 ) ⋅ 𝑦 ) ≤ 𝜓 𝑑(𝑓(𝑦 ), 𝑦 ) − 𝜙 𝑑(𝑓(𝑦 ), 𝑦 )

⇒  0 ≤ lim
→

 𝜓 𝑑(𝑓(𝑦 ), 𝑦 ) ≤ 𝜓(0) − 𝜙(0) = 0
 

(by (10), continuity of 𝜙, 𝜓 and since 𝜙(0) = 0 = 𝜓(0) 

 ⇒  lim
→

  𝑑(𝑓(𝑦 ), 𝑦 ) = 0 in this case 

 ⇒  𝜓 lim
→

  𝑑(𝑓(𝑦 ), 𝑦 ) = 0 (by continiuty of 𝜓 ) 

 ⇒  lim
→

 𝑑(𝑓(𝑦 ), 𝑦 ) = 0 (by property of 𝜓 ) 

 

Let 𝑀 (𝐹𝑡)(𝑥 ), 𝑇(𝑥 ) = 𝑑(𝑓(𝑦 ), 𝑦 ) 

Then (10) becomes. 

𝜓 𝑑(𝑓(𝑦 ), 𝑦 ) ≤ 𝜓 𝑑(𝑓(𝑦 ), 𝑦 ) − 𝜙 𝑑(𝑓(𝑦 ), 𝑦 )

⇒ (𝜙(𝑑(𝑓(𝑦 ≠ 𝑦 (2))𝑓0𝑇)(𝑣) = (𝑓𝑆)(𝑣).

⇒ 𝑑(𝑓(𝑦 ), 𝑦 ) = 0 (by property of 𝜙)

⇒ 𝑓(𝑦 ) = 𝑓(𝑦 ) which is not the case, 

 

We have lim →  𝑑(𝑓(𝑦 ), 𝑦 ) = 0                                 

Let lim →  𝑑 𝑓(𝑦 ), 𝑦 = 0, for any integer 𝑝 ≥ 2 

Now 𝑑 𝑓(𝑦 ), 𝑦 ≤ 𝑑 𝑓(𝑦 ), 𝑦 + 𝑑 𝑓 𝑦 , 𝑦 + 𝑑 𝑓 𝑦 , 𝑦 →

𝑎 as 

𝑛 → ∞ (by (12), (10)), Therefore lim →  𝑑 𝑓(𝑦 ), 𝑦 = 0 

 

Therefore, by mathematical induction. 

lim →  𝑑 𝑓(𝑦 ), 𝑦 = 0, for any integer 𝑝 ≥ 1 

Therefore {𝑦 } is I-cauchy in X. Now for 𝑛 ∈ 𝑁 ∪ {0}, 𝑦 = 𝜙𝑆(𝑥 ) = 𝑇(𝑥 ) ∈ 𝑇(𝑥) 
Therefore {𝑦 } is clearly I-Cauchy in (𝑇(𝑥), 𝑑, 𝑓). So that {𝑦 } I-converges to some point 𝑢 ∈

𝑇 
Now 𝑢 ∈ 𝑇(𝑥) ⇒ 𝑢 = 𝑇(𝑣) for some 𝑣 ∈ 𝑋 

from (1) we get, 

𝜓(𝑑(𝑓𝑆)(𝑥 ), 𝑆(𝑣)) ≤ 𝜓(𝑀((𝑓𝑇) (𝑥 ), 𝑇(𝑣))

−𝜙(𝑀(𝑓𝑇)(𝑥 ), 𝑇(𝑣))
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Where 𝑀((𝑓𝑇)(𝑥 ), 𝑇(𝑣)) =

max{𝑑(𝑓(𝑦 ), 𝑣), 𝑑(𝑓(𝑦 ), 𝑦 )𝑑(𝑓(𝑢), 𝑆(𝑖)), 𝑑(𝑓(𝑢), 𝑦 ), 𝑑(𝑓(𝑦 ), 𝑆(𝑢))  

Now 𝑑(𝑓(𝑦 ), 𝑆(𝑢)) ≤ 𝑑(𝑓(𝑦 ), 𝑦 ) + 𝑑(𝑓(𝑦 ), 𝑢) + 𝑑(𝑓(𝑢), 𝑠(𝑣))} 

≤ 𝑑(𝑓(𝑦 ), 𝑦 ) + 𝑑(𝑓(𝑦 , 𝑢) + 𝑑(𝑓(𝑢), 𝑦 ) + 𝑑(𝑓(𝑦 ), 𝑦 ) + 𝑑(𝑓(𝑦 ), 𝑆(𝑣)) 

lim
→

 𝑑(𝑓(𝑦 ), 𝑆(𝑣)) ≤ 0 + 0 + 𝑑(𝑓(𝑢), 𝑆(𝑣)) ≤ 0 + 0 + 0 + 0 + lim
→

 𝑑(𝑓(𝑦 ), 𝑆(𝑣))  

 (by (10) and lim
→

 𝑦 = 𝑢 )  

⇒  lim →  𝑑(𝑓(𝑦 ), 𝑆(𝑣)) = 𝑑(𝑓(𝑢), 𝑆(𝑣)) 

from (14), we get 

lim
→

 𝑀(𝑓(𝑥 ), 𝑇(𝑣)) = max. {0,0, 𝑑(𝑓(𝑢), 𝑆(𝑣)),0, 𝑑(𝑓(𝑢), 𝑆(𝑣))}

                                         = 𝑑(𝑓(𝑢), 𝑆(𝑣))
 

by (10), (13), Therefore from (13) we get, 

lim
→

 𝜓(𝑑(𝑓(𝑔 ), 𝑆(𝑣)) ≤ 𝜓(𝑑(𝑓(𝑢), 𝑆(𝑣)) − 𝜙(𝑑𝑓(𝑢), 𝑆9𝑣))) 

(by continuity of 𝜙, 𝜓)) 

⇒  0 ≤ 𝜓(𝑑(𝑓(𝑢), 𝑆(𝑣)) ≤ 𝜓(𝑑(𝑓(𝑢), 𝑆(𝑣)) − 𝜙(𝑑(𝑓(𝑢), 𝑆(𝑣)))  (by property of 𝜙 ) 

⇒ 𝑓(𝑢) = (𝑓𝑆)(𝑣)

⇒ (𝑓𝑇)(𝑣) = (𝑓𝑆)(𝑢)
 

Let 𝑊 = (𝑓𝑇)(𝑣) = (𝑓𝑆)(𝑣). 

Then clearly 𝑓(𝑤) = (𝑓𝑇)(𝑣) = (𝑓𝑆)(𝑣). 

Then 𝑤 is a point of I-coincidence of 𝑆 and 𝑇 and hence it is I-unique (already proved). Let 𝑆 
and 𝑇 be weak I-compatible. Then we have already proved that 𝑤 is an I-unique common I-
fixed point of 𝑆 and 𝑇. 

Conclusion: 

Further study may be continued for generalization and extension of various contractive 
conditions and fixed point results. 
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