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Abstract:

In this article, we introduced the new concepts of mappings such as { —irresolute, { —
Contra continuous, { — contra irresolute and { — homeomorphism and some properties with
relationship among them are given, with more results to explain this topic. We investigation
some topological properties of { —irresolute, { — Contra continuous, { — contra irresolute and
¢ — homeomorphism. Also, we have introduce a new class such as { — T% compact, { — Ty

2

compact, { — T, , compact { — T,, compact and { — T,. compact with relationship among
them.
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INTRODUCTION

Compactness is a generalization of the concept of a closed and limited subset of real lines
to spaces of topology. Compactness is an essential and fundamental idea in generic topology
as well as other high-level mathematical disciplines. Numerous academics
[1,2,3,4,5,6,7,8,9,10,11,12,13] have looked into the fundamental characteristics of
compactness and connectivity. Scientists were inspired to generalize these ideas because of
how productive and productive these ideas of compact. These efforts have resulted in the
introduction and investigation of numerous stronger and weaker versions of compactness.

Das and Mahanta [14], Girija ef al. [15], Jung and Nam [16], and Basumatary et al.,[17]
studied more of the subjects of topological spaces.

Further than just continuity features in topological spaces are outlined in Mohammadi &
Rashidi [18] and Farhan & Yang [19]. Also, Ozel ef al., [20] created the {b-open continuous
function in 2021. Zhang presented continuity and production topology in 2021 [21]. Finally,
Al Ghour [22] presented the concept of soft complete continuity and soft strong continuity in
soft topological spaces.
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In this study, we give a new class of { —Ccompactness in {-Topological Spaces with some
properties related it. Section 2 is devoted to { —irresolute, { —contra and the concept of { —
homeomorphism was defined and some properties were introduced, with more examples to
explain this subject. Section 3 —compact with some properties is presented. Furthermore,
¢ —compact and generalization of the { —type of it are examined in this part. Through the use
of a few instances, also the relationship between the compact and { —compact is demonstrated
in this section.

PRELIMINARIES
In this part, we will give the most important definitions and theorems with related for our
work.

Definition 1. [23] Suppose that (X, ) be topological space and Q € X . If Q N G # @ for
every q € Q there exists open set G content g s.t @ #Q # Xand Q NG =@ if Q = @ and
Q NG =XifQ =X = G. Then Q is {-open set and set of all {-open is denoted by {-0(X).
Definition 2. [24] Let h: (X, ) — (Y, 6) be a mapping. Then:

1. If h™(W) € X for every open set in ¥, then the mapping h is considered to be

continuous.

2. ifth(W)is anopensetinY,and W € t then the mapping h is considered to be an open.

3. ifh(W)isaclosedsetin Y, and W* € t then the mapping h is considered to be closed.
Definition 3. A map h: (X,7) = (Y,0) is :
(i) Contra-continuous [25] if h™1(M) is closed in (X,7) for every open set M of (Y,0);
(ii) Strongly contra-continuous [26], if h is a contra continuous mapping such that h=1(M) has
an interior point whenever M is open set of (Y, 7).
(iii) irresolute [27] h™1(M) € SO(X, 1) for every M € SO(Y, o).

Definition 4. [28] A map h: (X,7) = (Y,0)is considered to be homeomorphism if his a
continuous, bijective and open map.

Definition 5. [29] A collection {¥, : ¢ € &} of open sets in (X, 7) is named a {-open cover of
asubset Qin (X,7) if Q c U{W, : ¢ € &} satisfied.

Definition 6.[29] A topological space (X, 7)is compact if every open cover of (X, 7) has a finite
subcover.

Some Properties of { —irresolute Map, { — Contra continuous, { — contra irresolute and
¢ — homeomorphism

In this section, we have introduced the new mappings in { — topological spaces such as,
¢ — irresolute map, ¢ — Contra continuous map, { — contra irresolute map and
¢ —homeomorphism map in { —topological spaces with some properties and relationship
among them.
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Definition 7. Let X and Y be topological spaces. A map h: (X, 7¢) — (Y, 0¢) is said to be { —

irresolute map if the inverse image of every { —open set in Y is { — semi open in X.

Theorem 8. Let X, Y, Z be topological spaces and let h: (X , T() - (Y, a(),

k:(Y,a;) = (Z,p;) be two maps. Their composition koh: (X, t;) = (Z, pg) is { —continuous
if h is ¢ —irresolute and k is ¢ —continuous.
Proof: Let \' be an ¢ —open set in Z. Then
(koh)™ (V) =h™1(k~1(V)) =h™1(V), where V=k™1(V) is { —open in Y as k is
{ —continuous. Since h is { —irresolute h™*( V) is { —open in X. Thus, koh is { —continuous.

Theorem 9. Let X, Y, Z be { —topological spaces. Let h: (X , ‘L'() - (Y, a(),

k:(Y,a7) = (Z, pg) be two ¢ —irresolute maps. Then their composition koh: (X, 7;) = (Z, p¢)
is a { —irresolute map.

Proof: Let V be ¢ —open in Z. Consider (koh) (V) = h™1(V), where V=k"1(V) is
{ —open in Y, as k is { —irresolute. Since h is { —irresolute h~1( V) is { —open in X. Thus,
koh is { — irresolute maps.

Theorem 10. Let X, Y, Z be topological spaces. Let h: (X , T() - (Y, a(),

k:(Y,a7) = (Z,p;) be two maps. Then their composition koh: (X,7¢) = (Z, pg) is { —closed
map. The following implications are valid:

(1) h is { —continuous and surjective then k is { —closed.

(i) if k { —irresolute and injective then h is { —closed.

Proof:(i) Let H be a { —closed set of Y. Since h™1(H) is { —closed in X. So, (k o h)(h™1)(H)
is {—closed in Y and hence k(H) is { —closed in Z. Thus, k is { —closed.
(i) Let F be { —closed set of X. Then (ko h)(F) is { —closed in and k~1(k o h)(F) is
{ —closed in Y. Since k is injective h(F) = (ko h)(F) is { —closed in Y. Therefore h is
¢ —closed.

Theorem 11. If a map h: (X, T() - (Y, 04-) is ¢ —continuous then it is { —irresolute.
Proof: Let F be any { —open set in Y.Then F is { —semi open in Y. As h is ¢ —irresolute
h~1(F) is { — semi open in X. Therefore, h is { —irresolute.

Remark 12. The converse of the above theorem need not be true as seen from the following
example.

Example 13. Let X =Y = {a,b, ¢} with 7, = {¢, X, {a},{c},{a,c}} and 0; = {¢,Y,{a}} and a
map h: (X, ‘L'() - (Y, 05) be denoted by h(a) = a = h(c) and h(b) = b then h is { —irresolute

but not { —continuou as the inverse image of { —open {b} in X is not { —open in X.
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Theorem 14. If a bijection map h: (X , T() - (Y, 04-) is { —open and ¢ —continuous then h is
¢ —irresolute.

Proof: Let M be a { —open set in Y such that h~(M) € O where O is { —open set in X.
Therefore M € h(0) holds Since h(0) is open and M is { —open in Y. So, cl (int (M)) € h(0)
holds and hence h~1(cl (int (M))) € 0. Since h is { — continuous and cl (int (M)) is
{ —closed in Y. cl (int (h™ (cl (int (M))))) € O and so cl (int (h~1( M))) C 0. Therefore
h™1( M) is { —semi closed. So, h™1( M¢) is { —semi open. Hence h is { —irresolute.

Remark 15. The following example show that the reverse of above theorem not true.

Example 16. Let X =Y = {a,b, ¢} with 7, = {¢, X, {a}, {c}, {a, c}}, o7 = {¢,Y,{a}, {a, b}}.Let
h:(X,¢;) = (Y,0;7) be denoted by h(a) = a = h(c),h(b) = b then h is { —irresolute and

¢ —open but not bijective and so h is not { —continuous.

Theorem 17. Let X,Y and Z be any ¢ —topological spaces. For any { — irresolute map
h: (X, T{) - (Y, 0() and any { —continuous map k: (Y, 0() - (Z,p;) , the composition
koh: (X,t7) = (Z, p¢) is ¢ —continuous.

Proof: Let F be any { —closed set in Z. Since k is { —continuous, k~*(F) is { —closed set in
Y. Since h is { —irresolute, h=1(k~1(F))is { —closed in X. But h"1(k~1(F)) = (koh)™1(F).
Therefore, koh: (X,1;) — (Z, pg) is { —continuous.

Definition 18.The mapping is considered to have the form h: (X , ‘L'() - (Y, 05):
(i) { —contra-continuous if h=1(M) is { —closed in (X, 7¢) for every { —open set M of (Y, a¢);
(ili) ¢ — contra-irresolute if h=1(M) is { —semi closed in (X, 1¢) forevery M € SO(Y, a¢).

Remark 19. The { —contra continuous maps and { —irresolute maps are independent of each
other as seen from the following example.

Example 2.1.14. Let X=Y ={a,b,c} with 7, ={¢,X,{a},{b},{a,b}} and o; =p; =
{¢,Y,{a},{b, c}}. Let h: (X, {;) = (Y, 07) be identity map. Then the map h is irresolute but it
is not { —contra continuous, since G = {c} is { —closed in (Z, p;), where h™*(G) = {c} is not
¢ —closed in (X, 7¢).

Recall Example 16 we see that the map h is { —contra continuous but it is not { — irresolute,
since G = {b} is { —closed in (Z, p;), where h™'(G) = {b} is not { —closed in (X, 7¢).

Theorem 20. If a bijection map h: (X, ‘L'() - (Y, 05) is { —continuous then h is { — contra-
irresolute .
Proof: Let M be a { —semi closed set in Y such that A~1(M) € O where O is { —semi open set
in X. Therefore M € h(0) holds. Since h(0) is { —semi open and M is { — semi closed in
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Y.So,cl (int (M)) € h(0) holds and hence h~*(cl (int (M))) € O. Since h is { — continuous
and cl(int(M)) is ¢ —closed in Y. cl(int(h ! (cl(int(M))))) SO and so
cl (int (h~1( M))) C 0. Therefore h™1( M) is { —closed. Hence h is { — contra-irresolute.

Remark 21. The following example show that the reverse of above theorem not true.
Recall Example 16 We see that h is { — contra-irresolute but not h is not { —continuous.

Remark 22. { —contra irresolute and { —irresolute are actually separate concepts. as shown in
example 13, the opposite is demonstrated in the following example.

Example 23. { —contra irresolution is not necessary for an { —irresolute map.

Then  irresolute map is the identity map over the topological  space (X,7;) where 7 =
{0,{b}, X} and X = {a, b}, but not { —contra irresolute.

Theorem 24. If a map h: (X , T() - (Y, 05) is { —continuous then it is { —contra continuous.
Proof: Let F be any { —open set in Y.Then F¢ is { —closed in Y. As h is { — continuous
h™1(F¢)is { —closed in X. Therefore, h is { — contra continuous.

Remark 25. The converse of the above theorem need not be true as seen from the following
example.

Example 26. Let X = Y = {a,b, ¢, d} with 7, = {¢,X,{a}, {a,c,d}} and 0; = {¢,Y, {a,b}} and
a map h: (X, T() - (Y, 05) be denoted by h(a) = b,h(c) = a and h(b) = ¢ = h(d) then h
is { — contra continuous but not { — continuous as the inverse image of { — open {c} in X is
not { —open in X.

Remark 27. { — irresolute and { —contra continuous are actually separate concepts. as shown
in Example 13, then h is { — contra continuous but not { —irresolute as the inverse image of
¢ — open {c} in X is not { —open in X.

Example 28. Let X = {a, b, c}, Y = {a, b} with t; = {¢, X, {a}, {b, c}} and o7 = {9, Y, {a}, {b}}
and a map h: (X, T() - (Y, 04-) be denoted by h(a) = aandh(c) =b, then h
is { —irresolute but not { — contra continuous as the inverse image of { — closed {a} in Xis
not { —open in X.

Theorem 29. If a map h: (X, T() - (Y, 05) is { —contra continuous then it is { —contra
irresolute.

Proof: Let F be any { —semi open set in Y.Then F€ is { —semi closed in Y. As h is { — contra
continuous h™(F¢) is { —semi closed in X. Therefore, h is { — contra irresolute.
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Remark 30. The converse of the above theorem need not be true as seen from the following
example.

Recall Example 28. We see that h is { —contra irresolute but not ¢ —contra continuous.
Because, the inverse image of { — open {a} in X is not { —closed in X.

Theorem 31. Let X, Y, Z be topological spaces. Let h: (X, T() - (Y, 04-), k:(Y,07) = (Z,p7)
be two { — contra irresolute maps. Then their composition koh: (X,7;) = (Z,p7) is { —
contra irresolute map.

Proof: Let V be { —semi open in Z. Consider (koh)™1( V) = h™1( V), where V= k~1(V) is
{ —semi open in Y, as k is { —irresolute. Since h is { — contra irresolute h~1( V) is { —semi
open in X. Thus, koh is { — contra irresolute map.

Theorem 32. Let X,Y,Z be topological spaces and let h: (X, T() - (Y, O'(),k: (Y,07) -
(Z, pg) be two maps. Their composition koh: (X,7;) = (Z, p¢) is { — contra irresolute if h is
{— contra irresolute and k is {— contra irresolute.
Proof: Let V be an { —semi open set in Z. Then(koh)™1(V) = h™1(k~1(V)) = h™1(V),
where V¢ = k~1( V) is { —semi closed in Y as k is { — contra irresolute. Since h is { — contra
irresolute h™1( V) is { —semi closed in X. Thus, koh is { — contra irresolute.

Theorem 33. If a map h: (X , T() - (Y, 05) is { — irresolute then it is { —contra irresolute.
Proof: Let F be any { —semi open set in Y.Then F€¢ is { —semi closed in Y. As h is { —
irresolute h™1(F¢) is { —semi closed in X. Therefore, h is { — contra irresolute.

Remark 34. The converse of the above theorem need not be true as seen from the following
example.

Example 35. Let X =Y = {a,b, ¢} with 7, = {¢, X, {a},{c},{a,c}} and o; = {¢,Y,{b}}. Let
h:(X,{;) = (Y,07)be denoted by h(a)=b,h(b) =c,h(c)=a , then h is { —contra

irresolute and so h is not { —irresolute.

Definition 36. Let X and Y be two topological spaces. A bijection map h: (X, T() -
(Y, 05) from a { —topological space X into { —topological space Y is called { —

homeomorphism if h and h~1 are { —continuous.

Theorem 37. Every homeomorphism is ¢ —homeomorphism.
Proof: Let h: (X , T() - (Y, 05) be homeomorphisms from the { —topological space X to Y then

h and h™1 are continuous. As every continuous function is { —continuous. We have h and h™1
are { —continuous. Thus A is { —homeomorphism.

Remark 38. The converse of the above theorem need not be true from the following example.
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Example 39. Let X=Y ={a,b,c} with 7,={¢ X, {a},{ac}} and o;=
{d, Y, {a,b}},h:(X,{;) » (Y,07) is defined by h(a) =ah(b) =ch(c)=b then h is
¢ —homeomorphism but not homeomorphism as the inverse image of the { —open set {a} in X
is {a} isnot { —openinY.

Theorem 40. A bijection map h: (X, ‘L'() - (Y, a() is { —homeomorphism then it is
¢ —homeomorphism.

Proof: Since h is homeomorphism both h and h™! are { —continuous.As every continuous
functions are { —continuous h and h™! are { —continuous. Thus h is { —homeomorphism.

Remark 41. The converse of the above theorem need not be true as seen from the following
example.

Example 42. Let X=Y ={a,b,c} with 7, ={¢,X,{a}} and o; = {¢,Y,{a,b}} and
h:(X,7;) > (Y,0;) is defined as h(a) =b,h(b) =c,h(c)=a. Then h is
¢ —homeomorphism but not { —homeomorphism as h({a}) = {b} isnot { —openinY.

Theorem 43. Assume that (X, 7;) and (Y, 0¢) are topological spaces and let h be a bijective
mapping from X onto Y. Then the following conditions are equivalent.

(a). h is { — open and ¢ —continuous.
(b). h is ¢ —homeomorphism.
(©). h is ¢ —closed and ¢ —continuous.
Proof:

(1) To prove (a) = (b)

Let h be bijective { —open and { —continuous.Let G be { —open set in X.Then G is { —open
as h is { —open map, h(G) is { —openin Y. ie. (h™1)"1(G) = h(G) is { —open in Y. Thus
h™1 is { —continuous. Thus () = (b).
(i1). To prove (b) = (a)
Let h be { —homeomorphism and h™! = k then k=! = h. Since h is bijctive g is also bijective.
If G is { —open set k~1(G) is a { —open set for k is { —continuous. i.e. h(G) is { —open i.e.
Thus h is {—open. Therefore (b) = (a). Hence (a), < (b)
(iii) To prove (b) = (©)
Assume that h is { —homeomorphism. Let F be a { —closed set in X. Then (X — F) is open
and h™! =k is { —continuous, k™1(X —F) is { —open i.e k™Y (X —F) =Y — k™ (F) is
{ —open. Thus k1(F) is { —closed. i.e. h(F) is { —closed. Hence h is { —closed map.

(iv) To prove (©) = (b)
If h is { —closed and { —continuous then we have to prove h~?! is also { —cotenuous. Let G
be { —open set. Then X — G is { —closed. Since f is { —closed, h(X — G) is { —closed. i.e.
kY1(X —G) =Y — k™ Y(G) is { —closed, implies k~1(G) is { —open. Thus, inverse image
under k of every open set is { —open. i.e. k=h"! is ¢ —continuous. Thus h is
¢ —homeomorphism. Hence (¢) = (b). Thus, (c) & (b)
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Here we have proved that a { —closed and { —continuous mapping is { —homeomorphism in
(a). We have proved that a { —homeomorphism is { —open and { —continuous. Thus { —closed
and { —continuous mapping is also { —open and conversely.

Now, the relationships among mappings, { — continuous map, { — contra continuous map, { —
irresolute map and { — contra irresolute map are shown in the figure below.

{ — contra
continuous map

¢ — irresolute map ¢ — contra irresolute
continuous map

Properties of {-Compact Space

As a generalization of the concepts of {-topological space, we introduce the concepts of ¢-
compact space. we give many characterizations and many properties of this concept. Firstly,
we began with the following definition:

Definition 44. a collection {¥, : ¢ € &} of {-open sets in (X, p¢) is named a {-open cover of
asubset @ in (X, pg) if @ € U{W, : ¢ € &} satisfied.

Definition 45. A {-topological space (X, p¢)is {-compactif every { -open cover of (X, pg)has
a finite subcover.

Definition 46. A subset Q of a topological space (X, p¢) is {-compact relative to (X, p¢) if,

there exists a finite subset §¢ of & such that @ C U {W,: 1t € &y} for every collection {¥, :
t € &} of { -open subsets of (X, p¢) such that @ c U{W, : t € &}

Theorem 47. every { -closed subset of a { -compact space (X, pg) is { -compact relative to
X, po).

proof. assume that ¥ be ¢ -closed subset of { -compact space (X, p¢). so, W€ is { -open in
(X, pg).letH = {¢, : 1 € §} beacover of W by { -open sets in (X, p¢). thus, H* = HU P*
is a { -open cover of (X, pg). because (X, p¢) is ¢ -compact, H* is reducible to a finite
subcover of (X, pg).setX = @1 U P2 U...U @y U W€, ¢y, € H.but, ¥ and ¥¢ are
disjointhence W C ¢p;1 U ;2 U...U ¢, , P, € H, and so any {-open cover H of W contains

Copyright © 2023. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-
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a finite subcover. thus, ¥ is {-compact relative to (X, p¢). therefore, every ¢ -closed subset of
¢ -compact space (X, p¢) is { -compact.

Theorem 48. every compact space is {-compact.

proof. let (X, p¢) be a compact space. Suppose that {¥, : ¢t € §} be {-open cover of (X, p¢).
thus, {¥, : ¢t € &} is a {-open cover of (X, p¢) as every open set is {-open set. since (X, pg)
is compact, the { -open cover {¥,: ¢t € §} of (X, p;) has a finite subcover {¥,: i =
1,...,n} for (X, p¢). therefore, (X, p¢) is {-compact.

Remark 49. the converse of Theorem 48 is not true in general.

Example 50. consider the set of real numbers with the topology 7, suchthatt ={G S R | 0 €
G or G = @}, we see that every open cover of R must contain R. we take {R, M} as {- open
cover of R with R N M {-compact and RN M = M, thus M is {-compact. hence (R, 7) is {-
compact. however, since W = {(—m, m); m € N} is a collection to open subsets of R and
does not have a terminating open subcover R, the resulting space cannot be compact.

Definition 51. let (X, p;) be atopological space. then, (X, p¢) is considered to be g{-compact
if every {-open cover of (X, p¢) has a finite subcover.

Theorem 52. every g¢ -compact space is {-compact.

proof: let (X, p;) be a gg-compact space. let {¥, : ¢t € §} bea { -open cover of (X, p;) by
¢ -open set in (X, p¢). because each g -open set is ¢ -open, hence, {¥, : t € §} is g{ cover
of (X, p¢). since (X, p¢) is g¢ -compact, the -open cover {¥,: t € §} of (X, p;) hasa
finite subcover {¥, : i = 1,...,n} of (X, p¢).therefore, (X, pg) is { -compact.

Remark 53. the converse of Theorem 53 is not true in general.

recall example 50, we see that (R, ) is { — space. but (R, ) is not g -compact since W =
{(—m,m); m € N} is a collection to open subsets of R and does not have a terminating g{
open subcover R, the resulting space cannot be g{ compact.

Theorem 54, every {-compact space is {-countably compact.
proof: suppose that (X, p¢) be {-compact space. let {M jiJ € A} be a {-countable

open cover of X containing ¢ —open sets. thus, {M;:j € A}is -open cover {M;:j € A} of X

that has a finite subcover say {M =1 n}. therefore, X is {-countably compact.

Remark 55. the converse of Theorem 54 is not true in general.
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Example 56. taken as a closed cover on with that is countably compact, the usual topological
space R and {R*, R™}is what we will be working with R* N R™ = {0}. due to the fact that we
are aware that is not zero space, Theorem 52 cannot be true.

Theorem 57. if a map h: (X, ‘r{) - (Y, 3() is {-continuous from a ¢- compact space X onto a
topological space Y, then Y is {- compact.

proof. assume that h: (X, 7;) = (Y,3;) be {-continuous map. set {M;:j € A} be {-compact
be an open cover of Y . thus, {h_l(M]-):j € A}is a ¢ -open cover of X. because (X, ‘t{) is {-

compact it has a finite sub-cover like {h™'(M;), h™1(M,), ---, h™'(M,,)}. therefore,
{M{,M, ,---,M,} is finite cover of Y because h is onto. hence, Y is {-compact.

Theorem 58. if a map h: (X, ‘t() - (Y, 3() is {-contra continuous from a {- compact space X

onto a topological space Y, then Y is {- compact.

proof. assume that h: (X, ‘t() - (Y, S{) be {-contra continuous map. set {M jiJ € A} be {-
compact be an open cover of ¥ . thus, {h_l(M j): jE A}is a { -open cover of X, because (X , ‘t()

is {-compact it has a finite sub-cover like

(h"'(My), h™1(M,), ---, h™1(M,)}. Therefore, {My,M, ,--,M,} is finite cover of ¥
because h is onto. hence, Y is {-compact.

Theorem 59. ifa map h: (X, ‘t() - (Y, 3() is {-irresolute from a {- compact space X onto a

topological space Y, then Y is - compact.

proof. assume that h: (X, ‘t() - (Y, 3() be - irresolute map. set {M jiJ € A} be {-compact
be an open cover of ¥ . thus, {h™*(M;):j € Alis a { -open cover of X. because (X, 7;) is ¢-

compact it has a finite sub-cover like {h™'(M;), h™1(M,), ---, h™'(M,,)}. therefore,
{M{,M; ,---,M,} is finite cover of Y because h is onto. hence, Y is {-compact.

Theorem 60. if a map h: (X,7;) - (¥, ;) is {-contra irresolute from a {- compact space X

onto a topological space Y, then Y is {- compact.

proof. assume that h: (X,7;) - (¥,J;) be {-contra irresolute map. set {M;:j € A} be ¢-
compact be an open cover of ¥ . thus, {h'l(M]-):j € A}is a { -open cover of X. because (X, ‘r()

is {-compact it has a finite sub-cover like {h~1(M,), h™1(M,), - - -, h™1(M,))}. therefore,
{M{,M, ,---,M,} is finite cover of Y because h is onto. hence, Y is {-compact.

Theorem 61.ifamap h: (X, ;) - (¥,3;) is {-continuous from a {-countably compact space
X onto a topological space Y, then Y is {-countably compact.
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proof: assume {M A A} be a {-countable open cover of Y. because h is {-continuous, then
{h'l(M ]-): JES A} is ¢-countable open cover of X. now, since X is {-countably compact, then
the  {-countable open cover {h'l(M j): JjE A} of X has a finite subcover like
{h"'(M;):j =1..n}. thus, X = UL, h™*(M;) and so h(X) = U, M;. thus, Y = UL, M.
therefore {M4, M, ..., M, } is a finite subcover of {M S A} for Y. therefore, Y is {-countably

compact.

Theorem 62. if a map h: (X, ‘r{) - (Y, 3;) is { - irresolute and a subset N of X is ¢ - compact
relative to X, then the image h(N) is { - compact relative to Y.

proof. assume a collection {M DA CD} of ¢ - open subsets of ¥ such that h(N) c
U{M;:j € ®} c. thus, N c U{h™*(M;): j € ®}. because N is - compact relative to X, there
exists a finite subset My € ® such that N c U{h_l(M]-): h e d>0}. hence, h(N)U c
{(M j): a € d>0}. therefore, h(N) is { -compact relative to Y.

Theorem 63. if a map h: (X, ‘r{) - (Y, 3() is { — contra irresolute and a subset N of X is ¢ -

compact relative to X, then the image h(N) is { - compact relative to Y.

proof. assume a collection {M]-: JES <l>} of { — semi open subsets of ¥ such that h(N) c
U{M]-:j € <l>} C. thus, N c U{h_l(M]-):j € <l>}. because N is - compact relative to X, there
exists a finite subset My € @ such that N C U{h'l(M]-): h e <l>0}. hence, h(N)U c
{(M j): a € d>0}. therefore, h(N) is { -compact relative to Y.

Theorem 64. if amap h: (X,7;) — (¥,3;) is { — contra continuous and a subset N of X is {
- compact relative to X, then the image h(N) is { - compact relative to Y.

proof. assume a collection {M]-: JES CD} of ¢ - closed subsets of ¥ such that h(N) c
U{M]-:j € <l>} C. thus, N c U{h'l(M]-):j € <l>}. because N is - compact relative to X, there
exists a finite subset My € ® such that N C U{h'l(M]-): h e <l>0}. hence, h(N)U c
{(M j): a € d>0}. therefore, h(N) is { -compact relative to Y.

now, the relationships among compact, { — compact, { — compact, and { — contra irresolute
are shown in the figure below.

Copyright © 2023. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-

commercial No Derivatives (by-nc-nd). Available at https://dbdxxb.cn/
11



Journal of Northeastern University
Volume 26 Issue 03, 2023

gé-c g¢-compact

(_

compact

{-countably
compact

CONCLUSION
We obtain several results as follows:

1-  { —continuous map is { — contra-continuous map but not converse.

2-  { — irresolute map is ¢ —continuous map but not converse.

3- ¢ — irresolute map is { —contra irresolute continuous map but not converse.

4- ¢ — contra continuous map is { —contra irresolute continuous map but not converse.
5- ¢ — irresolute map and { —contra continuous map independent notion.

6- g{-compactis { — compact but not converse.
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