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Abstract: 
The purpose of having the serre- spectral sequence is to compute co-homology, in particular 
when we have a fibration F → E → B. This study discusses Eilenberg macLane spaces and 
their co-homology groups. We use the method of spectral sequence to construct the 
cohomology of K(Z,n), and respectively we can express topological groups of (n − 1)- 
connected space X by K(Z,n). The main purpose of this paper is to compute co-homology 
groups of Eilenberg-MacLane space K(Z,6) and K(Z,7).  
Key words: Homology group, Co-homology group, Spectral sequence, Serre spectral 
sequence.  
  
Introduction: 
Algebraic topology is an interesting subject developed from nineteen century,  work in complex 
function theory to do Riemann geometry primarily, and taken up by Henri Poincar ́e. He 
established a lot of fundamental ideas and further direction for the subject. Algebraic topology 
roughly is the study of shapes (continuously deformed shapes) and it got a natural connection 
with differential geometry, algebraic geometry and also with a modern physics. One of the 
tools that playing fundamental role in algebraic topology is serre spectral sequences, which is 
apply to fibration and every fibration gives rise to a spectral sequence called the Serre spectral 
sequence which will describe a very particular relation between the homology groups.  
Serre spectral sequences have various applications to algebraic topology theoretically and 
computationally. (See [6],[7],[8],[9],[10],[11],[12],[13]), in particular a major application is 
the computation of co-homology group of topological spaces.  
Indeed, a main application is the computation of various co-homology groups of topological 
spaces.  
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We know that co-homology groups of K(Z,3) for i < 14 computed, (see [2]). Furthermore, the 
co-homology group of K(Z,4) and K(Z,5) computed (see [5] and [1]). In this paper first we 
present the construction of spectral sequence, we will also present how to compute the co-
homology groups of K(Z,6) and K(Z,7) with coefficient group Z. The main references for any 
definitions or theorems are Allen Hatcher’s Algebraic topology (see [1]). The more topological 
pieces of this exposition follow McCleary, a user’s guide to spectral sequences (see [4]). The 
rest of the paper is arranged as follows: The second section, is an illustration of the basic notions 
and definitions from algebraic topology and some theorems which will be used later in the 
particular case of other sections. All of these preliminaries are based on the references [1], [2], 
[4] and [5]. Section three presents a brief discussion about spectral sequences and a short 
introduction to the spectral sequences for co-homology for a fibration F → X → B. The Section 
four (main section) of this paper is devoted to Co-homology Groups of K(Z,6) Via Fibrations. 
Moreover, our explanation of this section includes some lemma and then prove them by using 
spectral sequence, to compute the co-homology groups of K(Z,6). The penultimate and another 
main section deals with calculating K(Z,7) with some interesting lemma. At the end of this 
paper, we have mentioned strong application of this space and K(Z,n) . 

Theorems and Definitions from Algebraic Topology  

The standard theorem and definitions from algebraic topology that is crucial in this article have 
been stated. The followings are the key definitions of this study.  

Definition 2.1. A map which has a homotopy lifting property with respect to all path connected 
spaces, and defined as 𝑃 ∶  𝐸  𝐵 is called fibration (see [3]) 

Definition 2.2. An Eilenberg- Maclane space 𝐾(𝐺, 𝑛), is a space X which has just one non-
trivial homotopy group. (See [1]) 

Definition 2.3. A topological space is called simply- connected if it is path- connected and has 
trivial fundamental group. (See [2])  

Definition 2.4. A space with basepoint x0 is said to be n- connected if 𝜋𝑖(𝑋, 𝑥0)  =  0 ∀ 𝑖 <

 𝑛. (see[4]) 

Theorem 2.1. (Hurewicz) If space X is (n − 1)- connected for 𝑛 2, then 𝐻𝑖(𝑋) = 0 𝑓𝑜𝑟 𝑖 < 𝑛 
and 𝜋𝑛(𝑋) ≃ 𝐻𝑛(𝑋). If a pair (𝑋, 𝐴) is (n−1)- connected, 𝑛  2, with A simply- connected and 
nonempty, then 𝐻𝑖(𝑋, 𝐴)  ≃  𝜋𝑖(𝑋, 𝐴)  =  0 for 𝑖 <  𝑛 and 𝜋𝑛(𝑋, 𝐴)  ≃  𝐻𝑛(𝑋, 𝐴). (see [1])  

Theorem 2.2. (Universal Coefficients for Co-homology) If a chian complex C of free abelian 
groups has homology groups 𝐻𝑖(𝐶),Then the cohomology groups 𝐻𝑖(𝐶, 𝐺) of cochain 
complex 𝐻𝑜𝑚(𝐶𝑖, 𝐺) are determined by split exact sequences  
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0 →  𝐸𝑥𝑡(𝐻𝑛 − 1(𝑋), 𝐺)  →  𝐻𝑛(𝐶, 𝐺)  →  𝐻𝑜𝑚(𝐻𝑛(𝐶), 𝐺)  →

 0.       …………………..(2.1) 
In practice, the Ext term either vanishes or is computable.(see [4], [5], and [14])  

Theorem 2.3. (Homology with Coefficient) 

 If the homology groups 𝐻𝑛 and 𝐻  of a chain complex C of free abelian groups are finitely 
generated, with torsion Subgroups  𝑇𝑛 ⊂ 𝐻𝑛  𝑎𝑛𝑑 𝑇  ⊂ 𝐻   ,then 

𝐻𝑛(𝐶, 𝑍) ≃ ( ) ⊕ 𝑇   . 

In practice, the Tor term either vanishes or is easily computable. (see [1])  

Theorem 2.4. If C is a chain complex of free abelian groups, then there are natural short exact 
sequences  

     0 →  𝐻𝑛(𝐶)  ⊗  𝐺 →  𝐻𝑛(𝐶, 𝐺)  →  𝑇𝑜𝑟(𝐻  (𝐶), 𝐺)  →  0 (see 
[2]).      ………………(2.2) 

 

Spectral Sequences  

The tool to compute the co-homology group of a chain complex called Spectral sequence. It 
results from a filtration of the dual chain complex and it gives an alternative method to 
determine the co-homology of the dual chain complex (see[4]). A spectral sequence made up 
of pages, which is a sequence of intermediate dual chain complexes pages are denotes as 
𝐸 , 𝐸 , 𝐸 , 𝐸  . . ., and  differentials denoted by 𝑑 , 𝑑 , 𝑑 , 𝑑 , . . ., where 𝐸  is the co-homology 
of 𝐸𝑟.  

 This limit process may converge, in which case the limit page is denoted by 𝐸 . Even if there 
is convergence to 𝐸 , reconstruction is still needed to obtain H from 𝐸  Although the 
differentials 𝑑𝑟’s cannot always be all computed, the existence of the spectral sequence often 
reveals deep facts about the dual chain complex. The spectral sequence and its internal 
mechanisms can still lead to very useful and deep applications (see[4], [14]) 

Theorem 3.1. (Spectral Sequences for Cohomology)  

For a fibration 𝐹 →  𝑋 →  𝐵 with B path-connected and 𝜋 (𝐵) acting trivially  

on 𝐻∗(𝐹, 𝐺), there is a spectral sequences {𝐸
,

, 𝑑   } with:  
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1. 𝑑 ∶ 𝐸
,

→ 𝐸
,  and  𝐸  

,
 =

  

 
  at 𝐸 ,

. 

2. Stable terms 𝐸 ,
  is isomorphic to the successive quotients   in a filtration  

0 ⊂ 𝐹 ⊂ 𝐹 ⊂. . . ⊂ 𝐹 = 𝐻𝑛(𝑋, 𝐺)  of   𝐻𝑛(𝑋, 𝐺). 

3. 𝐸
,

≈  𝐻𝑝(𝐵, 𝐻𝑞(𝐹, 𝐺)) (𝑠𝑒𝑒[3]).  

Co-homology Groups of K(Z,6) Via Fibrations 

 
For any path connected space (𝑋, 𝑥0) in algebraic topology, there is a path fibration  

𝛺 𝑋 →  𝑃 𝑋 →  𝑋 , 

where X is the base space, 𝑃𝑋 is the total contractible space and 𝛺𝑋 is the fiber space over the 
base space (𝑋, 𝑥0), which called loop space.  

Now Suppose that space 𝑋 =  𝐾 (𝑍, 6), is the base space, then there is a path space fibration 

𝐾(𝑍, 5)  =  𝛺𝐾(𝑍, 6)  →  𝑃𝐾(𝑍, 6)  →  𝐾(𝑍, 6). 

The topological  space 𝐾(𝑍, 6) is (5 -connected),  by defintion n- connected space and 
Hurewicz theorem, we have  

𝐻 (𝐾(𝑍, 6), 𝑍)  ≃  𝐻 (𝐾(𝑍, 6), 𝑍)  ≃  𝐻 (𝐾(𝑍, 6), 𝑍)  ≃ 𝐻 (𝐾(𝑍, 6), 𝑍)  ≃

 𝐻 (𝐾(𝑍, 6), 𝑍)  ≃  0                    ………(4.1) 

Now with the using of theorem (2.2), it is easy to show that  

 𝐻1(𝐾(𝑍, 6), 𝑍)  ≃  𝐻2(𝐾(𝑍, 6), 𝑍)  ≃  𝐻3(𝐾(𝑍, 6), 𝑍)  ≃ 𝐻4(𝐾(𝑍, 6), 𝑍)  ≃

 𝐻5(𝐾(𝑍, 6), 𝑍)  ≃  0             ……...(4.2) 

On the other hand by Hurewicz theorem we see that 𝜋 (𝐾(𝑍, 6))  ≃  𝐻 (𝐾(𝑍, 6), 𝑍)  ≃  𝑍.  

Then by using  universal coefficient theorem we have:  

 
 𝐻6(𝐾(𝑍, 6), 𝑍)  ≃  𝐸𝑥𝑡(𝐻 (𝐾(𝑍, 6), 𝑍))  ⊕

 𝐻𝑜𝑚(𝐻 (𝐾(𝑍, 6), 𝑍)) 𝑍.                       …………….....(4.3) 

Now by setting          𝐸 ,
: = Hp(K(Z, 6), Hq(K(Z, 5))  
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And utilizing theorems (2.1), (2.2) and co-homology groups of topological space 𝐾 (𝑍, 5) 
(see[6]), There are following results: 

𝐸 , =  𝐻0(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻0(𝐾(𝑍, 6), 𝑍)  ≃  𝑍 

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 6), 𝐻1(𝐾(𝑍, 5), 𝑍))  =  𝐻0(𝐾(𝑍, 6), 0)  ≃  0 

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 6), 𝐻2(𝐾(𝑍, 5), 𝑍))  =  𝐻0(𝐾(𝑍, 6), 0)  ≃  0 

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 6), 𝐻3(𝐾(𝑍, 5), 𝑍))  =  𝐻0(𝐾(𝑍, 6), 0)  ≃  0 

𝐸 , =  𝐻0(𝐾(𝑍, 6), 𝐻4(𝐾(𝑍, 5), 𝑍))  =  𝐻0(𝐾(𝑍, 6), 0)  ≃  0 

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 6), 𝐻5(𝐾(𝑍, 5), 𝑍))  =  𝐻0(𝐾(𝑍, 6), 𝑍)  ≃  𝑍 

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 6), 𝐻6(𝐾(𝑍, 5), 𝑍))  =  𝐻0(𝐾(𝑍, 6), 0)  ≃  0 

𝐸 , =  𝐻0(𝐾(𝑍, 6), 𝐻7(𝐾(𝑍, 5), 𝑍))  =  𝐻0(𝐾(𝑍, 6), 0)  ≃  0 

𝐸 , = 𝐻0 𝐾(𝑍, 6), 𝐻8(𝐾(𝑍, 5), 𝑍) = 𝐻0(𝐾(𝑍, 6), 0) ≃ 0 

𝐸 , = 𝐻0 𝐾(𝑍, 6), 𝐻9(𝐾(𝑍, 5), 𝑍) = 𝐻0(𝐾(𝑍, 6), 0) ≃ 0 

         𝐸 , =  𝐻0(𝐾(𝑍, 6), 𝐻10(𝐾(𝑍, 5), 𝑍))  =  𝐻0(𝐾(𝑍, 6), 𝑍  )  ≃ 𝑍  . 

                             𝐸 ,  = H1(K(Z, 6), H0(K(Z, 5), Z)) = H1(K(Z, 6), Z) ≃ 0  

                             𝐸 ,  = H1(K(Z, 6), H2(K(Z, 5), Z)) = H1(K(Z, 6), 0) ≃ 0 

                             𝐸 ,  = H1(K(Z, 6), H3(K(Z, 5), Z)) = H1(K(Z, 6), 0) ≃ 0  

                            𝐸 , = H1(K(Z, 6), H4(K(Z, 5), Z)) = H1(K(Z, 6), 0) ≃ 0  

                           𝐸 , = H1(K(Z, 6), H5(K(Z, 5), Z)) = H1(K(Z, 6), Z) ≃ 0  

                           𝐸 , = H1(K(Z, 6), H6(K(Z, 5), Z)) = H1(K(Z, 6), 0) ≃ 0 

                          𝐸 , = H1(K(Z, 6), H7(K(Z, 5), Z)) = H1(K(Z, 6), 0) ≃ 0  

                           𝐸 , = H1(K(Z, 6), H8(K(Z, 5), Z)) = H1(K(Z, 6), 0) ≃ 0  
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                           𝐸 , = H1(K(Z, 6), H9(K(Z, 5), Z)) = H1(K(Z, 6), 0) ≃ 0  

𝐸 , =  𝐻2(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻2(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 ,
 
=  𝐻2(𝐾(𝑍, 6), 𝐻1(𝐾(𝑍, 5), 𝑍))  =  𝐻2(𝐾(𝑍, 6), 0)  ≃  0  

𝐸 ,
 
=  𝐻2(𝐾(𝑍, 6), 𝐻2(𝐾(𝑍, 5), 𝑍))  =  𝐻2(𝐾(𝑍, 6), 0)  ≃  0  

𝐸 ,
 
=  𝐻2(𝐾(𝑍, 6), 𝐻3(𝐾(𝑍, 5), 𝑍))  =  𝐻2(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 , =  𝐻2(𝐾(𝑍, 6), 𝐻4(𝐾(𝑍, 5), 𝑍))  =  𝐻2(𝐾(𝑍, 6), 0)  ≃  0  

𝐸 ,
 
=  𝐻2(𝐾(𝑍, 6), 𝐻5(𝐾(𝑍, 5), 𝑍))  =  𝐻2(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 ,
 
=  𝐻2(𝐾(𝑍, 6), 𝐻6(𝐾(𝑍, 5), 𝑍))  =  𝐻2(𝐾(𝑍, 6), 0)  ≃  0  

𝐸 , =  𝐻2(𝐾(𝑍, 6), 𝐻7(𝐾(𝑍, 5), 𝑍))  =  𝐻2(𝐾(𝑍, 6), 0)  ≃  0 

𝐸 , =  𝐻2(𝐾(𝑍, 6), 𝐻8(𝐾(𝑍, 5), 𝑍))  =  𝐻2(𝐾(𝑍, 6), 0)  ≃  0 

𝐸 , =  𝐻2(𝐾(𝑍, 6), 𝐻9(𝐾(𝑍, 5), 𝑍))  =  𝐻2(𝐾(𝑍, 6), 0)  ≃  0   

𝐸 , =  𝐻3(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻3(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 ,
 
=  𝐻3(𝐾(𝑍, 6), 𝐻1(𝐾(𝑍, 5), 𝑍))  =  𝐻3(𝐾(𝑍, 6), 0)  ≃  0  

𝐸 ,
 
=  𝐻3(𝐾(𝑍, 6), 𝐻2(𝐾(𝑍, 5), 𝑍))  =  𝐻3(𝐾(𝑍, 6), 0)  ≃  0  

𝐸 ,
 
=  𝐻3(𝐾(𝑍, 6), 𝐻3(𝐾(𝑍, 5), 𝑍))  =  𝐻3(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 , =  𝐻3(𝐾(𝑍, 6), 𝐻4(𝐾(𝑍, 5), 𝑍))  =  𝐻3(𝐾(𝑍, 6), 0)  ≃  0  

𝐸 , =  𝐻3(𝐾(𝑍, 6), 𝐻5(𝐾(𝑍, 5), 𝑍))  =  𝐻3(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 , =  𝐻3(𝐾(𝑍, 6), 𝐻6(𝐾(𝑍, 5), 𝑍))  =  𝐻3(𝐾(𝑍, 6), 0)  ≃  0 

𝐸 , =  𝐻3(𝐾(𝑍, 6), 𝐻7(𝐾(𝑍, 5), 𝑍))  =  𝐻3(𝐾(𝑍, 6), 0)  ≃  0  

𝐸 , =  𝐻3(𝐾(𝑍, 6), 𝐻8(𝐾(𝑍, 5), 𝑍))  =  𝐻3(𝐾(𝑍, 6), 0)  ≃  0   

𝐸 , =  𝐻3(𝐾(𝑍, 6), 𝐻9(𝐾(𝑍, 5), 𝑍))  =  𝐻3(𝐾(𝑍, 6), 0)  ≃  0  
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𝐸 , =  𝐻4(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻4(𝐾(𝑍, 6), 𝑍)  ≃  0   

𝐸 , =  𝐻4(𝐾(𝑍, 6), 𝐻1(𝐾(𝑍, 5), 𝑍))  =  𝐻1(𝐾(𝑍, 6), 0)  ≃  0   

𝐸 , =  𝐻4(𝐾(𝑍, 6), 𝐻2(𝐾(𝑍, 5), 𝑍))  =  𝐻4(𝐾(𝑍, 6), 0)  ≃  0   

𝐸 , =  𝐻4(𝐾(𝑍, 6), 𝐻3(𝐾(𝑍, 5), 𝑍))  =  𝐻4(𝐾(𝑍, 6), 0)  ≃  0   

𝐸 , =  𝐻4(𝐾(𝑍, 6), 𝐻4(𝐾(𝑍, 5), 𝑍))  =  𝐻4(𝐾(𝑍, 6), 0)  ≃  0   

𝐸 , =  𝐻4(𝐾(𝑍, 6), 𝐻5(𝐾(𝑍, 5), 𝑍))  =  𝐻4(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 ,
 
=  𝐻4(𝐾(𝑍, 6), 𝐻6(𝐾(𝑍, 5), 𝑍))  =  𝐻4(𝐾(𝑍, 6), 0)  ≃  0   

𝐸 , =  𝐻4(𝐾(𝑍, 6), 𝐻7(𝐾(𝑍, 5), 𝑍))  =  𝐻4(𝐾(𝑍, 6), 0)  ≃  0   

𝐸 ,
 
=  𝐻4(𝐾(𝑍, 6), 𝐻8(𝐾(𝑍, 5), 𝑍))  =  𝐻4(𝐾(𝑍, 6), 0)  ≃  0   

𝐸 ,
 
=  𝐻4(𝐾(𝑍, 6), 𝐻9(𝐾(𝑍, 5), 𝑍))  =  𝐻4(𝐾(𝑍, 6), 0)  ≃  0  

Addition to the above result, One can  compute page 2 as follows: 

 
 



Journal of Northeastern University 
Volume 26 Issue 03, 2023 

Copyright © 2023. Journal of Northeastern University. Licensed under the Creative Commons Attribution Non-
commercial No Derivatives (by-nc-nd). Available at https://dbdxxb.cn/ 

138 

                                                                                 

                                                                 
 

Since of topological space 𝑃𝐾(𝑍, 6) is contractible, then for any p and q, 𝐸
,   

converges to 𝐻 (𝑃𝐾(𝑍, 6), 𝑍), In the other words, we have 𝐸
,

⇒  𝐻 (𝑃𝐾(𝑍, 6), 𝑍) =

 0. 

Lemma 4.1. 𝐸 , ⇒ 𝐻 (𝐾(𝑍, 6), 𝑍) = 0. 

Proof. Since every differential map in page 2 and other pages, comes in and out 𝐸 ,  is zero, 

so 𝐸 , will be remained to page infinity and converges to    then 𝐸 , = 0,  then 

𝐸 ,
 
=  𝐻5(𝐾(𝑍, 6), 𝑍)  =  0.  

Lemma 4.2. 𝐸 , ⇒ 𝐻 (𝐾(𝑍, 6), 𝑍) = 0. 

Proof. Similarly we use the same method, we have𝐸 , ⇒ 𝐻 (𝐾(𝑍, 6), 𝑍) = 0 

Lemma 4.3. 𝐸 , = 𝐻 (𝐾(𝑍, 6), 𝑍) = 𝑍 . 

Proof. A spectral sequence {𝐸
,

, 𝑑   }  is a collection of vector space or groups  

𝐸
,    equipped with differential map 𝑑    (i.e.    𝑑   𝑜 𝑑   = 𝑑  = 0) 

                                                 𝐸 ,
 = 𝐻( 𝐸 ,

, 𝑑 ) 

    Now consider following sequence, such that 𝑑  = 0 

0 → 𝑍  ≃ 𝐸 ,
 
→ 𝐸 , ≃ 𝑍 → 𝐸 ,

 
→ 0 .      …………..(4.4) 

The generator of 𝑍6 has finite order but there is no finite order element in Z then,  from Hom 
algebraic properties, there is no linear map from 𝑍6 to 𝑍. So the left differential map in above 
exact sequence should be zero, but because of exactness and converging properties, the right 
map should be surjective.  

Consider that right differential map not be an isomorphism, so we will have non  

trivial subgroup of 𝐸 , , such that converges to 𝐸
, = 0, which will not be true. 

So we have   

𝐸 , =  𝐻12(𝐾(𝑍, 6), 𝑍)  ≃ 𝑍 . 

The following is the last result about this section: 
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 Corollary 4.1.  

𝐸 , =  𝐻1(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻1(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 ,
 
=  𝐻2(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻2(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 , =  𝐻3(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻3(𝐾(𝑍, 6), 𝑍)  ≃  0   

𝐸 , =  𝐻4(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻4(𝐾(𝑍, 6), 𝑍)  ≃  0   

𝐸 , =  𝐻5(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻5(𝐾(𝑍, 6), 𝑍)  ≃  0   

𝐸 ,
 
=  𝐻6(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻6(𝐾(𝑍, 6), 𝑍)  ≃  𝑍  

𝐸 , =  𝐻7(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻7(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 , =  𝐻8(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻8(𝐾(𝑍, 6), 𝑍)  ≃  0   

𝐸 ,
 
=  𝐻9(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻9(𝐾(𝑍, 6), 𝑍)  ≃  0   

𝐸 ,
 
=  𝐻10(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻10(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 , =  𝐻11(𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍))  =  𝐻11(𝐾(𝑍, 6), 𝑍)  ≃  0  

𝐸 , = 𝐻12 𝐾(𝑍, 6), 𝐻0(𝐾(𝑍, 5), 𝑍) = 𝐻12(𝐾(𝑍, 6), 𝑍) ≃ 𝑍  

Cohomology Groups of K(Z,7) Via Fibration  

Now consider base space X = K (Z, 7), then  

𝐾(𝑍, 6)  =  𝛺𝐾(𝑍, 7)  →  𝑃𝐾(𝑍, 7)  →  𝐾(𝑍, 7). 

Here 𝐾(𝑍, 7) is (6 - connected), and as we showed above, we obtain the following results  

      𝐻 (𝐾(𝑍, 7), 𝑍)  ≃  𝐻 (𝐾(𝑍, 7), 𝑍)  ≃  𝐻 (𝐾(𝑍, 7), 𝑍)  ≃ 𝐻 (𝐾(𝑍, 7), 𝑍)  ≃

 𝐻 (𝐾(𝑍, 7), 𝑍)  ≃  𝐻 (𝐾(𝑍, 7), 𝑍)  ≃ 0          ……….(5.1) 

𝐻1(𝐾(𝑍, 7), 𝑍)  ≃  𝐻2(𝐾(𝑍, 7), 𝑍)  ≃  𝐻3(𝐾(𝑍, 7), 𝑍)  ≃  𝐻4(𝐾(𝑍, 7), 𝑍)  ≃

 𝐻5(𝐾(𝑍, 7), 𝑍)  ≃  𝐻6(𝐾(𝑍, 7), 𝑍)  ≃  0        ………..(5.2)   

 And 𝐻7(𝐾(𝑍, 7), 𝑍)  ≃  𝐸𝑥𝑡(𝐻 (𝐾(𝑍, 7), 𝑍))  ⊕  𝐻𝑜𝑚(𝐻 (𝐾(𝑍, 7), 𝑍))  ≃  𝑍.  

Now it is time to calculate higher co-homology groups and respectively homology  
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Groups of 𝐾(𝑍, 7). By setting 

𝐸
, ∶

= 𝐻𝑝(𝐾(𝑍, 7); 𝐻𝑞(𝐾(𝑍, 6))  

there are following results which are proved. 

𝐸 , =  𝐻0(𝐾(𝑍, 7), 𝐻0(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 𝑍)  ≃  𝑍  

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 7), 𝐻1(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 7), 𝐻2(𝐾, 𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 0)  ≃  0   

𝐸 , =  𝐻0(𝐾(𝑍, 7), 𝐻3(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 , =  𝐻0(𝐾(𝑍, 7), 𝐻4(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 , =  𝐻0(𝐾(𝑍, 7), 𝐻5(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 , =  𝐻0(𝐾(𝑍, 7), 𝐻6(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 𝑍)  ≃  𝑍   

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 7), 𝐻7(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 7), 𝐻8(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 , =  𝐻0(𝐾(𝑍, 7), 𝐻9(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 7), 𝐻10(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 7), 𝐻11(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 ,
 
=  𝐻0(𝐾(𝑍, 7), 𝐻12(𝐾(𝑍, 6), 𝑍))  =  𝐻0(𝐾(𝑍, 7), 𝑍  )  ≃  𝑍  

Then for all 𝑖 ∈  [1,2,3,4,5,6], we have 

𝐸 ,
 
=  𝐻2(𝐾(𝑍, 7), 𝐻0(𝐾(𝑍, 6), 𝑍))  =  𝐻2(𝐾(𝑍, 7), 𝑍)  ≃  0  

𝐸 , =  𝐻2(𝐾(𝑍, 7), 𝐻1(𝐾(𝑍, 6), 𝑍))  =  𝐻2(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 ,
 
=  𝐻2(𝐾(𝑍, 7), 𝐻2(𝐾(𝑍, 6), 𝑍))  =  𝐻2(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 , =  𝐻2(𝐾(𝑍, 7), 𝐻3(𝐾(𝑍, 6), 𝑍))  =  𝐻2(𝐾(𝑍, 7), 0)  ≃  0  
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𝐸 ,
 
=  𝐻2(𝐾(𝑍, 7), 𝐻4(𝐾(𝑍, 6), 𝑍))  =  𝐻2(𝐾(𝑍, 7), 0)  ≃  0  

 𝐸 ,
 
=  𝐻2(𝐾(𝑍, 7), 𝐻5(𝐾(𝑍, 6), 𝑍))  =  𝐻2(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 , =  𝐻2(𝐾(𝑍, 7), 𝐻6(𝐾(𝑍, 6), 𝑍))  =  𝐻2(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 , =  𝐻2(𝐾(𝑍, 7), 𝐻7(𝐾(𝑍, 6), 𝑍))  =  𝐻2(𝐾(𝑍, 7), 0)  ≃  0  

𝐸 , =  𝐻2(𝐾(𝑍, 7), 𝐻8(𝐾(𝑍, 6), 𝑍))  =  𝐻2(𝐾(𝑍, 7), 0)  ≃  0   

𝐸 , =  𝐻2(𝐾(𝑍, 7), 𝐻9(𝐾(𝑍, 6), 𝑍))  =  𝐻2(𝐾(𝑍, 7), 0)  ≃  0   

Lemma 5.1. 

𝐸 , = 𝐸 , =  𝐸 , =  𝐸 , =  𝐸 , =  𝐸 , = 0  

Proof. The proof of this lemma is obvious by straight calculation. 

By considering page 2 as follow: 
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Lemma 5.2. E_2^6,0= H6(K(Z,7),Z) = 0. 
Proof. Each differential map which come and go out E_2^6,0 are zero. Then  
E_2^6,0will remain to page infinity and converge to E_^6,0= 0, therefore  
E_2^6,0= H6(K(Z,7),Z) = 0   
 
Lemma 5.3. E_2^7,0= H7(K(Z, 7), Z) = Z  
Proof. proof by Hurewicz theorem is clear. 
Lemma 5.4. E_2^8,0= H^8(K(Z,7),Z) ≃ 0  
Proof. As we know, E_2^(8,) 0  should be eliminated by the differential map, and thus E_2^8,0    
≃ 0.   
Lemma 5.5. E_2^9,0= E_2^10,0=E_2^11,0=E_2^12,0=E_2^13,0≃ 0. 
Proof. For each i ∈ [9,10,11,12,13] and E_2^(i,0), it is easy to see that E_2^(i,0)≃ 0.   
Lemma 5.6. E_2^14,0≃Z_6  .    
Proof. From the page 2, and following a short exact sequence  
0 → Z_6  □(→┴g )  Z □(→┴f ) E_2^14,0  → 0 
(Here(fοg=0), and g is a map which multipliable by 6),  thus E_2^14,0≃Z_6  , so  
E_2^10,0≃Z_6  .    
Application  
Most mathematicians were interested to find the co-homology and homology groups of 
arbitrary (n − 1)- connected topological space X . One of the significant way to look deeply at 
these groups are using co-homology and homology groups of K(Z,n). In other words, co-
homology and homology groups of X can be expressed by co-homology groups of K(Z,n) (see 
[1], [3]). Here we have mentioned relation between topological space X and K(Z,n). 
If X be an arbitrary (n − 1)- connected topological space, then by Hurewiz map h∶ πn(X) → 
Hn(X) is an isomorphism. Also by using universal coefficient theorem,  
Hn(X) ≃ Hom(Hn(X),Z) ⊕ Ext(H_(n-1)  (X),Z) = Hom(Hn(X),Z)  
Theorem 6.1. For any arbitrary (n − 1)- connected topological space X, there is an natural 
isomorphism,  
H^n (X)≅[X,K(Z,n)] 
Lets consider following serre fibration for topological space K(Z,n),  
K (Z,n - 1) → E = P K (Z,n) → K (Z,n) 
If f∶ X → K(Z,n) and p∶ E → K(Z,n), then by using pullback property,  
there is exist a following fibration for X,  
K(Z,n-1)→E^**→X. 
Here E^** = {(x,e)|f(x) = p(e),x ∈ X,e ∈ E}. Therefore, homology and co-homology of X can 
be expressed by homology and cohomology of K(Z,n - 1) and respectively.  
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